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Abstract 

In order to study the nuclear matter in the relativistic heavy ion collisions and the compact 
stars, we need the hadronic density of states for the entire (/x^ — T) phase transition diagram. We 
present a model for the continuous high-lying mass (and volume) spectrum density of states that 
fits the Hagedorn mass spectrum. This model explains the origin of the tri-critical point besides 
various phenomena such as the quarkyonic matter and the quark-gluon liquid. The Hagedorn mass 
spectrum is derived for the color-singlet quark-gluon bag with various internal structures such as 
the unimodular unitary, orthogonal and color-flavor locked symplectic symmetry groups. The con- 
tinuous high-lying hadronic mass spectrum is populated at first by the unitary Hagedorn states. 
Then the spectrum turns to be dominated by the colorless orthogonal states as the dilute system 
is heated up. Subsequently, the liquid/gas of orthogonal Hagedorn states undergoes higher order 
deconfinement phase transition to quark-gluon plasma. Under the deconfinement phase transition 
process, the color-singlet states is broken badly to form the colored SU{Nc) symmetry group. On 
the other hand, when the hadronic matter is compressed to larger fis and heated up, the colorless 
unitary states (Hagedorn states) undergoes first order phase transition to explosive quark-gluon 
plasma at intermediate baryonic density. The tri-critical point emerges as a change in the charac- 
teristic behaviour of the matter and as an intersection among various phases with different internal 
symmetries. When the saturated hadronic matter is cooled down and compressed to higher density, 
it turns to be dominated by the colorless symplectic states. This matter exhibits the first order 
phase transition to quark-gluon plasma when it is heated up to higher temperature. Furthermore, 
when the Hagedorn states freeze out, they evaporate to the low- lying mass spectrum particles 
through Gross- Witten phase transition. The role of chiral phase transition is also discussed. 



I. INTRODUCTION 



The phase transition diagram in the {^b — T) has attracted much attention. The crucial 
pieces in the phase transition diagram are the existence of the tri-critical point and the 
discovery of quark-gluon fluid besides the other predicted phenomena such as the color- 
conductivity and CFL phase. The phase transition diagram persists to be proved non- 
trivial and very rich. The ingredient element of any investigation is the equation of state 
and its thermodynamics. The density of states for the hadronic mass spectrum is essential 
for the thermodynamic description of strongly interacting hadronic matter as well as the 
deconfinement phase transition to the quark-gluon plasma. The deconfined quark-gluon 
plasma is represented by the colored SU {N^ symmetry group where quarks and gluons are 
liberated and attain the color degrees of freedom. They can also form colored quark-gluon 
bubbles It is recently argued that the hadronic matter that is populated by the discrete low- 
lying hadronic mass spectrum exhibits Gross- Witten transition to another hadronic matter 
that is dominated by the continuous high-lying hadronic mass spectrum when the nuclear 
matter is compressed or heated up [l|, Q • The broken chiral symmetry generates a discrete 
mass spectrum. When the chiral symmetry is restored under the extreme conditions, we 
expect a continuous mass spectrum to emerge in the system. It appears that both the color 
and flavor sectors support the discrete and the continuous mass spectrum hadronic phase 
transition scenario. The discrete low-lying hadronic mass spectrum consists all the known 
mesons, baryons, resonances and the exotic hadronic particles which are found in the data 
book |3| such as vr, w ■ ■ ■ and A^, A, S, H • • ■ etc. For instance, the non-strange discrete mass 
spectrum consists 76 mesons and 64 baryons. The continuous high-lying hadronic mass 
spectrum is the mass spectrum of the Hagedorn states and these states appear as gas/liquid 
of hadronic fireballs. The asymptotic continuous high-lying mass spectrum can be calculated 
using the canonical ensemble construction 0, O]. These predicted states are fireballs or 
composite bags consisting of quarks and gluons with specific internal color and/or flavor 
symmetry. In order to ensure the confinement of the bag's constituent quarks and gluons 
and subsequently the hadronic state, the composite bag is projected to the color-singlet state 
(i.e. the colorless state). Hence, in QCD, it is naturally to assume that the Hagedorn states 
is the mass spectrum of a composite bag that is projected into color-singlet state regardless of 
the bag's internal symmetry. There nothing to prevent us to extrapolate the mass spectrum 
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of the colorless SU{Nc) state of composite bag to the colorless states of other color-flavor 
symmetries such as orthogonal 0(^s){Nc) and symplectic Sp{Nc) symmetry groups. 

These symmetry groups are restricted to an additional unimodular-like constraint. These 
symmetry groups are related to each other either by the decomposition or by the reduction. 
In each symmetry group, the color confinement (colorless) is guaranteed by projecting only 
the color-singlet-state wave-function though every symmetry group represents the composite 
color and flavor degrees of freedom in a different way. The unimodular-like constraint is 
imposed in order to be consistent with QCD. This assumption of the bag's internal symmetry 
modification takes us to consider the possibility of the phase transition from a specific 
symmetry group to another one. For instance, the hadronic matter which is populated by 
the colorless SU{N) state bags can transmute to another matter that is dominated either 
by the colorless orthogonal 0(5) (A^) state bags or by the colorless symplectic Sp{N) state 
bags or even by colorless f/(l)^= state bags. 

The effective Coulomb Vandermonde potential is induced by the symmetry group con- 
straint that projects the bag's color-singlet state. It has been shown that the effective 
Coulomb Vandermonde potential is regulated in a nontrivial way in the extreme hot and 
dense nuclear bath. The characteristic modification of the Vandermonde potential within 
SU{Nc) symmetry causes the third order Gross- Witten hadronic (Hagedorn) transition {g]. 
The physics around Gross- Witten point neighbourhood is very rich. The emergence of new 
class of hadronic matter (i.e. Hagedorn states) is relevant to the tri-critical point The 
authors of Refs. js, have shown the existence of a critical chemical potential fic such that 
for T > 0, the physical properties for the low-lying spectrum are unaffected by the chemical 
potential < fic- The Gross-Witten hadronic (Hagedorn) transition has received much 
attention in vast fields such as the weak-strong phase transition in AdS/CFT [l^ and the 
search for quark-gluon plasma (see for example lll-ll3|). 

It is reasonable to expand the quark-gluon bag's internal structure to incorporate the 
color, flavor and angular-momentum degrees of freedom [Nc, Nf, L) {N, ■ ■ ■ ) in an ap- 
propriate configuration in order to maintain the system's internal symmetry invariance in 
particular under the extreme hot and dense conditions. The value (= Nc) is the number of 
the symmetry group Hamiltonian invariant charges (see for example [14]). The unimodular- 
like constraint is essential in QCD-like theory. It is considered in all the symmetry groups 
which are considered in the present work. The symmetry group is defined by the Nfun = N 
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fundamental charges and Nadj of adjoint charges. The unimodular constraint reduces A^/un 
and Nadj to Nf^n = Nf^n - 1 and Nadj = Nadj - 1- The Nadj adjoint charges are invari- 
ance only over the Nf^n fundamental charges. The {Nadj — ^/«n) extra real independent 
parameters do not appear in the Hamiltonian and they are integrated (washed) out. The 
unitary ensemble U{N) has Nf^n = N fundamental eigenvalues and Nadj = N"^ parame- 
ters. The number of extra real independent parameters is Nadj — Nfun — {N'^ — N). This 
means that the unitary symmetry group has N fundamental chemical potentials and N^ 
adjoint parameters. The N'^ adjoint parameters are transformed (diagonalized) to depend 
basically only on the A^" fundamental chemical potentials. The redundant {N'^ — N) pa- 
rameters are, subsequently, integrated out and they disappear from the resultant ensemble. 
The orthogonal ensemble has Nf^^ = N fundamental eigenvalues and Nadj = ^N{N + 1) 
adjoint parameters. The real symmetric N x N matrix has Nadj ~ Njun — \N[N — 1) 
redundant real parameters and these parameters are washed away by an appropriate trans- 
formation. The unitary symmetry group can be broken and decomposed to an orthogonal 
symmetry group with the same number of conserved charges A^/un = N (or A^/u„ = — 1 
when the unimodular constraint is embedded). The symmetry decomposition (breaking) 
from U{N) to orthogonal 0(5)(A^) leads to A'"(A^ — l)/2 Goldstonc bosons emerge as glue- 
balls (or gluon jets) in the medium. They escape from the Hagedorn bags and enrich the 
medium with gluonic contents and jets. The N{N — l)/2 Goldstone bosons are identified 
as free colorless gluon degrees of freedom while the remaining \N{N -\- 1) gluons remain 
as the exchange interacting gluons for the 0(^s){N) symmetry group. The definitions of 
0(5) (A^) and other symmetry groups such as the symplectic Sp{N) symmetry group shall 
be reviewed below in Sec. III. On the other hand, the symplectic ensemble has Nf^n = N 
eigenvalues oi N x N quaternion-real matrix and Nadj — N {2N — 1). The number of re- 
dundant parameters in the symplectic symmetry group is 2A'" {N — 1). The (unimodular) 
unitary color U (Nc) symmetry group may merge with other degree of freedom such as flavor 
symmetry U{Nf) and the symmetry of the resultant composite transmutes to a symplectic 
(quaternion) symmetry group through the symmetry modification mechanism that is given 
by U{Nc) X U{Nf) U{Nc + Nf) 0{2N) Sp{N). Hence, under the preceding as- 
sumption, there is an indication that the eventual deconfined quark and gluon matter can 
be reached after a chain of multi-phase processes and this argument is not that simple. 
The thermodynamics of quark jets with an internal color structure has been considered 
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using one (or two) dimensional gas 15Nl9|. This model is an alternate approximation to 
deal the color-singlet state of quark gas. The quarks are treated as classical particles but 
their non-Abelian interactions are introduced by the exact Coulomb gauge potential. This 
model has been considered to study the order of the deconfinement phase transition. The 
effective potential in that model is dominated by a linear potential and it differs from the 
effective Vandermonde potential that emerges from the symmetry group invariance Haar 
measure. Furthermore, the density of states for the classical quark gas is not given in these 
studies. 

The hadronic phase transition has been studied using the bootstrap model 20|, |2l| . The 
continuous hadronic mass spectrum is an exponentially increasing mass spectrum and it 



resembles the bootstrap mass density, namely, p(m) 
potential density is reduced to 

Q d 
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The simple and reasonable approximation is the Boltzmann gas with the canonical ensemble 
that is given by. 
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where A is the thermodynamic fugacity and e(p, m, r) is the energy of constituent particle. 
For the simplicity, the free energy e(p, m) = ^/jP + is usually adopted. When the critical 
point of the deconfinement phase transition is reached, the Hagedorn mass spectrum leads to 
the following results: The grand potential density diverges for the exponent a < 5/2. This 
means that the instant phase transition to explosive quark-gluon plasma does not exist for 
this class of mass spectrum. The deconfinement phase transition turns to be smooth cross- 
over one. On the other hand, the system likely undergoes first order deconfinement phase 
transition when the exponent becomes a > 7/2 because the grand potential density and 
its derivative are finite at the critical point making the grand potential density continuous 
and making its first derivative with respect to the thermodynamic ensemble discontinuous. 
When the exponent a which appears in the mass spectral density runs over 5/2 < a < 7/2, 



the grand potential density becomes finite and continuous over the critical temperature and 
chemical potential while the order of phase transition becomes rather more difficult to be 
determined but not really abstruse and the system undergoes higher order deconfinement 
phase transition. It is evident that the value of the mass/volume power exponent a plays 
a decisive role in determining the order and shape of the phase transition diagram. Every 
choice for the exponent a leads to a different partition function and another distinctive 
physical behaviour. 

exponents of the 
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The smooth phase transition has been studied using phenomenologica 
hadron's mass-volume spectral density which are set by inspired models 
and volume bag spectral density can be reduced simply to either mass spectral density or 
volume spectral density for a model with an adequate approximation such as the MIT bag 
model with the assumption of the sharp boundary surface. The dependence of the deconfine- 
ment phase transition on the mass spectral exponent a which appears in the mass spectral 



density, namely, p 
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-a ^bm ^YiQ bootstrap-like model have been studied [29|]. The 



colorless mult i- quark c. 
RHIC experiments 30 , 



uster has been considered to hint some of the puzzling results in 
3l| . The Hagedorn matter below the deconfinement phase transition 



is found to fit the experimental and theoretical observations 
color-singlet state resembles Polyakov Loop approach 
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32 435 1 . The projection of the 



39| where the Polyakov 



effective potential stems from the Vandermonde potential of a specific symmetry group and 
interaction. The variation of the phenomenological parameters in the Polyakov effective 
potential reveals the internal symmetry modification by altering the correspondent Vander- 
monde potential. In other words, the modification of Vandermonde potential alters the bag's 



internal symmetry, 
matrix model 



he QCD phase transition is considered in the context of the random 
40H42j. There is a strong indication of a new class of hadronic matter above 
the discrete low-lying hadronic matter and below the deconfined quark-gluon plasma and 
this matter is identified as hadronic matter which is dominated by Hagedorn states or the 
quarkyonic matter \^\. It is argued that the tri-critical point that appears in the phase 
transition diagram is related to the existence of the predicted quarkyonic matter [7,] (or 
equivalently the Hagedorn matter). The role of Hagedorn states in both experimental and 



theoretical observations have been studied extensively |44l449l| . A recent survey on the im- 
portance of quarkyonic matter (i.e. Hagedorn phase) in the phase transition diagram from 
the experimental point of view can be found in Ref. 50|. The tri-critical point in the QCD 
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phase transition diagram is analysed using the lattice calculations [5l|, |52j. The models of 
clustered quarks are demonstrated to smoothen the order of phase transition (for instance 
see 3]). Furthermore, the Hagedorn states might play a significant role in the formation 
of new class of compact stars at high densities. For instance, it has been proposed that the 
;he hypothetical quark stars are made of very massive quarks rather than ordinary baryons 



54|. 

For only the sake of simplification, we do not include the Van der Waals (excluded) 
volume correction in the present work. Nonetheless, the extension to include the repulsive 
excluded volume correction is straightforward though it requires more tedious numerical 
calculation. This kind of calculation has been considered in Ref. and the references 

therein where the order and the shape of the deconfinement phase transition to quark- 
gluon plasma have been studied extensively. It has been shown that the order and shape of 
the phase transition depends on the internal structures of the quark-gluon bags. Different 
color-flavor configurations lead to different exponents a for the continuous high-lying mass 
spectrum (Hagedorn states). The bag's internal structure depends on several constraints 
which are imposed to restrict the color and flavor degrees of freedom. Since the flavor 
degree of freedom in the hot nuclear matter tends to be invariance even for bags with more 
complicated color-flavor coupling, the color confinement is maintained basically by projecting 
the color-singlet state. Hence, the bound state that exists through the intermediate processes 
is a colorless state as far the deconfinement phase transition is not reached yet. 

In the present work, we study the color-singlet state canonical ensemble for the quark- 
gluon bag in the context of various internal symmetry groups such as unimodular-like unitary 
U{Nc), orthogonal 0(s){Nc) and symplectic Sp{Nc) symmetry groups as well as [7(1)^'=. The 
intermediate transmutation from the hadronic matter that is dominated by the colorless 
unitary fireballs to another hadronic matter that is populated by the colorless orthogonal 
states or the colorless symplectic states is introduced in order to demonstrate the multi- 
nuclear phases in the phase transition diagram and the existence of the tri-critical point. 
We discuss possible scenarios for the deconfinement phase transition from the colorless states 
of unitary, orthogonal and symplectic hadronic matter to the colored SU{Nc) quark-gluon 
plasma. These scenarios are relevant to the possible intermediate hadronic phases those take 
place below the deconfinement phase transition and the emergence of the tri-critical point. 

The outline of the present paper is as follows: In Sec. [TTl we derive the quark-gluon grand 
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canonical ensemble with the color-singlet SU{Nc) state in order to be extrapolated to other 
symmetries. The internal orthogonal, unitary and symplectic symmetry groups with the 
unimodular constraint are reviewed in Sec. Illli The equation of state for the nuclear matter 
that is dominated by the Hagedorn states is given in Sec. IIVI The continuous Hagedorn mass 
spectra are derived for the unimodular-like unitary, orthogonal and symplectic ensembles. 
The role of the chiral phase transition is considered in Sec. |Vl Several scenarios for the 
deconfinement phase transition are presented in Sec. IVI[ Finally, the conclusion is presented 
in Sec. |Vnl 



II. THE NUCLEAR MATTER FOR THE RELATIVISTIC HEAVY ION COLLI- 
SIONS 

The grand canonical partition function in the equilibrium reads 



tr exp 
tr exp 



-f3H +z^^9„iV„ 
-/3 (^H - ^/i„iV„j 



(3) 



The thermodynamic quantities are determined from the grand canonical partition function 
as follows 



n 

V 

pi 



(4) 



V V 

for the grand potential density, charge density, entropy and energy density, respectively. The 
canonical partition function can be determined by the functional integration method. The 
Lagrangian construction is essential. The QCD Lagrangian for quarks and gluons is given 



by 
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(5) 



where the covariance derivative and field strength, respectively, read 



D„ = d. + im + igt^A'' 



(6) 
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and 
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The quarks and antiquarks arc represented by the fundamental matrices t", while the gluons 
are represented by the adjoint matrices {T"')^ — — i/"'"^. The fundamental representation 
for SU (Nc) symmetry group has Nc — 1 degrees of freedom while the adjoint representation 
has — 1. The current conservation laws read 

The total conserved baryonic charge with U group representation is furnished by 

Q ^ [ d^xi^'joij, 

dr J d^x'ip-foip. (9) 
On the other hand, the color current density is given by 

j; (color) = ^p^.ty + i (r«),, fIa-^,, (lo) 

where both the fundamental quarks and the adjoint gluons contribute to the color current. 
The conserved color charge generators are given by the time-component as follows 

Q" (color) = i /'^ / d^x (color) , (11) 

where 

Jo" (color) = V57ot> + I {T\^ fIA^. (12) 

The canonical ensemble in the Hilbert space is given by the tensor product of the fundamen- 
tal and anti-fundamental particles Fock spaces and the adjoint particles Fock space. The 
fundamental and anti-fundamental particles are the quarks and anti-quarks while the adjoint 
particles are the interaction particles which are the gluons. The partition functions for the 
gas of fundamental particles and the gas of adjoint particles are constructed separately and 
then the tensor product of their resultant Fock spaces is taken in the following way, 

Zqqg = Zqq X Zg. (13) 
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The partition function for quark and anti-quark gas is given by 



Zq-q = tr [e 



-l3iH-f^Q)+i9,C 



(14) 



where Qi are the color charges. In the functional integral procedure, the partition function 
is reduced to 



^OT = n / [^#L][#ia]exp 



f 



X -7 



d 



A 



+ i7 ■ V — m W^j, 



(15) 



By adopting the imaginary time method in the thermal field theory, the straightforward 
integration over the Grassmann variables reduces the partition function, that is given by 
Eq.(IT5]), to 

2 



-i(3 



-iun + ^l + i^9i 



— 7°7 ■ k — rwy^ 



(16) 



where the sum over the Matsubara (odd-) frequencies Un for fermion is performed in a 
proper way over the physical observable TlnZqg{P,V). The determinant is evaluated by 
considering the following trick 

1 2 



Zqq (/3, V) = exp In det 



-i(3 



-iun + fi + i-Oi 



7°7 ■ k — rri'-y^ 



;i7) 



As usual, the physical observable is determined by taking the real part as follows 



In Zg^{(3,V) ^^e (In Z,^i(3,V)) . 



The partition function's explicit expression reads 



(18) 



\nZgg{/3,V) = ^eJ2 ((2J+l)trln 



(2 J +1)V 



(277) = 



(19) 



where eg{q) = y^fp + niq^ and jig is the flavor chemical potential. The summation over the 



number of states is evaluated using the standard procedure. A possib 
the effect of the bag's smooth boundary can be found in Refs. [56 



e extension to include 
, The pre-factor 
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(2 J + 1) = 2 comes from the spin degeneracy. The summation over the Matsubara (odd-) 
frequencies is evaluated and the result reads, 



T In Zqq 




(2^ 

g-/3(e(p)+A.+i|) 



+ 1 ^ln(l + e-K^(^^-^-4) 



(20) 



The first term is temperature independent. It leads to the divergence at zero temperature 
and can be renormalised in the standard way. Since, we are interested on the temperature 
dependent terms, the first term is trivially dropped. In the extremely hot medium, the 
system is supposed to take any flavor symmetry under the unitary representation. The 
mechanism is recognised as the flavor invariance in the extreme hot nuclear matter. Hence 
by the assumption that there is no specific flavor symmetry configuration is preferred, we do 
not need to project specific flavor symmetry. It is reasonable to believe that under extreme 
temperature such as the case of hadronic fireballs, the system is preferred to maintain the 
flavor chemical equilibrium rather than carries specific internal flavor symmetry. Under this 
assumption a specific flavor structure such as mesonic or baryonic Hagedorn states becomes 
unimportant and the classical Maxwell-Boltzmann statistics becomes satisfactory. 

Nonetheless, it is still possible to maintain the flavor and SU{Nf) symmetry by consider- 
ing non-strangeness mesonic and baryonic Hagedorn states at low baryonic density. When 
the nuclear matter is compressed to higher baryonic chemical potential, the strange mesonic 
and baryonic Hagedorn states emerge in the system and so on. Furthermore, it is possible 
to imagine that under certain extreme hot and/or dense circumstances the color and flavor 
symmetries are modified to reproduce either the orthogonal or symplectic symmetry. The 
flavor degree of freedom is introduced trivially as follows 

+ ln(l + e-^(^'(^^+^^+4))]), 

(21) 

where eg(p) = -y/p^~+7n|. Only the real part is taken in Eq. lpTll . The resultant partition 
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function is reduced to 



\nZ,^{/3,V) = 3f?e I (2 J + 1)1^ J 



J2^n{agg{ei)+ibgg{ei)) 



(22) 



where 



bqq (Oi) = sin(^,) ^J"^ [e-/3(.<,(p-)-M<,) _ e-^(^.(p)+M«)] . 
The partition function for quark and anti-quark in the Fock space becomes 



(23) 



ZqqW^V) = exp 



(24) 



The Vandermonde determinant, which appears in the invariance Haar measure, contributes 
to the action as an additional effective potential term. The Vandermonde effective potential 
term becomes soft when the color eigenvalues of the stationary condition are distributed 
uniformly over the entire circle \6i\ < tt. The integral of the resultant ensemble can be 
evaluated trivially under such circumstances. However, this will not be the case under 
the extreme hot and dense conditions in particular when the color eigenvalues turn to be 
distributed in a narrow interval \9i\ « tt. When the saddle points congregate around 
the origin rather than are distributed uniformly over the entire color circle range \9i\ < 
TT, the Vandermonde effective potential develops a virtual singularity. Subsequently, the 
action must be regulated in a proper way in order to remove the Vandermonde determinant 
divergence. This regulation procedure accommodates the extreme hot and dense conditions. 
It is usually associated with smooth phase transition. The regulation procedure corresponds 
the Gross- Witten third order Hagedorn phase transition in the context of U {Nc) in the limit 
Nc ^ oo. The same procedure can be extended to other symmetry groups such as the 
orthogonal and symplectic ones. The change in the analytic solution corresponds higher 
order phase transition from the dilute and relatively cold hadronic matter (i.e. discrete low- 
lying hadronic mass spectrum phase) to the highly thermally excited hadronic matter (i.e. 
continuous high- lying hadronic mass spectrum phase). This kind of nuclear phase transition 
would not mean that the deconfinement phase transition is reached. The highly thermally 
excited hadronic matter is interpreted as an exotic hadronic phase that is dominated by the 
Hagedorn states. In the lattice theory, this is implying that the weak and strong coupling 
is not described by the same analytic function. This strong- and weak-coupling transition 
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is analogous to the phase transition from the discrete low-lying mass spectrum particles to 
the highly excited and massive Hagedorn states (i.e. continuous high- lying mass spectrum). 
The Hagedorn states are given by the mass spectrum of the color-singlet state composite 
(colorless) where the constituent quarks and gluons are represented by the SU{Nc) symmetry 



group representation and these states are hadrons [58H61|. This kind of matter should not 
be immediately interpreted as the deconfined quark-gluon plasma. The critical Gross- Witten 
point is the threshold point where the Hagedorn states emerge in the system. The internal 
color structure is known to be essential in the phase transition to the quark-gluon plasma 
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62|-l64j . The deconfinement phase transition can either take place immediately when 



unstable Hagedorn states are produced or as a subsequent process when the metastable 
Hagedorn phase eventually undergoes the phase transition to quark-gluon plasma. The 
Hagedorn phase may undergo multiple intermediate transitions before the deconfinement 
phase transition is eventually reached. 

The effective Vandermonde potential plays a crucial role in the intermediate phase tran- 
sition processes from the hadronic phase and quark-gluon plasma. This potential is back 
reacted to the heat and compression of the nuclear matter. When the invariance Haar mea- 
sure is regulated, another analytical solution with different characteristic properties emerges. 
Hence, Vandermonde determinant is regulated in a nontrivial way and the action can be 
expanded over the group fundamental variables around the stationary Fourier color points 
up to the quadratic terms. Fortunately, the saddle Fourier color points are convened around 
the origin and fortunately this simplifies the problem drastically. Despite the complexity 
of the action due to the realistic physical situation that is involved, there will be an easy 
way to find the quadratic expansion around the group saddle points. The resultant integral 
is evaluated using the standard Gaussian quadrature over the group (i.e. color) variables. 
Hence, beyond the Gross- Witten point the partition function can approximated by the 
quadratic Taylor expansion, over the group variables The quadratic expansion of the quark 
and anti-quark ensemble around the saddle points is reduced to the following Gaussian-hke 
function 

Nc 



Zqq {P,V)= exp 



(0) _ 1^(2)^-^2 



1=1 



(25) 



This regulated ensemble Zq-q (/3, V) leads to a continuous high-lying mass spectrum. The 
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coefficients which appear in the exponential are calculated in the following way, 

Nf 



(0) 



(2 J + 1)VN, J2 J -0^ In [1 + (e-'^(^«(P'^-'^') + e-^(^'(^^+^')) + e-''^^''^^^] , (26) 



and 

Nf 



(2) 



(2J+ 1)K 2^ y (27r)3 [1 + (e-/5(^9(p)-M9) + e-/3(^'j(pO+/^i)) + e-2/3^'j(p)] 

-(2J+l)l^V/— ^ ^ ^ (27) 

J (27r)3 [1 + (e-z^C'^^CpO-M,) + e-/^(^9(p^+^«)) + e-2/3^'!{?^]^ 

The chemical potential ^iq is decomposed to = + 'S'/x^ + From the fugacity 

definition, it is worth to keep in mind that Pjiq^^Hq. In the case of massless flavors, we 
have 

massless ^^ 



4? = (2J+1 



and 



360 12 V T / 247r2 V T 
+ (massive flavors), (28) 



\ massless ^ ^ g 2 \ 

^) E g(l + ^^J+ (massive flavors), 

/ Tr \ massless _ / q 2 \ 

+ E i l + i^) +(••■). (29) 



where (■ ■ ■ ) indicates the neglected massive flavors. 

The grand canonical ensemble for the adjoint gluons can be calculated in a similar way to 
that one done in calculating the fundamental quark and antiquark grand canonical ensemble 
in the functional integral representation (see for instance Eq. ffTSj) ). For the sake of simplicity. 



the axial gauge is considered and the result is manifestly gauge invariant 55|. In the axial 
gauge, the canonical partition function for a gas of adjoint gluons reads 

Zg {P,V) = /" n / [dA^o][dAl][dA^2]det {d^) (30) 

where the action is given by 

= ljyrj d'x{A^„Al,A^,)B{AlA^„A^,f. (31) 
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By constructing the canonical Lagrangian from the Hamiltonian and then by integrating the 
resultant Lagrangian by parts, the operator that appears in Eq.fl3Tl) is reduced to 



D 



-didr 



\ 



-OA dl + dl + dl 



(32) 



-d2dr 

-did2 

Following the standard procedure in the thermal quantum field theory and the expansion 
over the Matsubara (even-) frequencies in the imaginary time formalism, it is possible to 
invert the operators to standard matrices. The canonical partition function for a gas of 
gluons is reduced to 

1 



(33) 



v/dit(D)' 

where the resultant Riemann integrals are evaluated by the Gaussian integration. The 
determinants for the axial gauge constraint and the action read, respectively, 

det(93) = n det(/3p3), (34) 



and 



detD = JJ detD". 



(35) 



a=l 



By introducing the Fourier transform and the Matsubara (even-) frequencies, the adjoint 
gluon operator is reduced to 



(36) 



-{Un - 1^)P2 -(Wn - ^f)Pl (Wn " if? + p\ + pI ) 



-PlP2 

The straightforward calculation following the standard procedure in the thermal field theory 
55l | leads to 

Af2-1 



lnZ,(/3,y) = -{2J+1)VY, 



d^p 
(2^ 



a=l 



(3 



(37) 



The sum over the Matsubara (even-) frequencies gives the following result 
1 



lnZ,{/3,V) = -{2J+l)V I ^ Yl 

a=l 



^e,(p-) + iln(l-e-(^^«(^^-*^'")) 



(38) 
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where eg(p) = ^f)^ + and nig = 0. The first term inside the square bracket on the 
right hand side of the grand potential = —V-^^ In Zg {(3,V) that is given by Eq. (l38|) 
is temperature independent. This term must be regulated at zero temperature and must 
be dropped from the thermal contribution because it has no thermal origin. The grand 
canonical ensemble for the gluon gas is reduced to 

Zg{/3,V) = exp|-(2J+l)r / E In [1 - e-(/^^^(^^-^")] I . (39) 

The adjoint eigenvalues are calculated from the nested commutation relations for funda- 
mental eigenvalues in the Lie algebra. The adjoint eigenvalues are related to fundamental 
eigenvalues by the relation (pa ~ {di — dj). This relation diagonalized the adjoint representa- 
tion and subsequently commutes with the energy Hamiltonian. The canonical ensemble for 
gluon gas becomes 

\TiZg{P,V) = -{2J + 1)V j ^<|5252ln(l-e-[^^«(P^-^(''-^^)]^ 




-(2J + l)(iV, - l)V / ^ In (1 - e-'^^^^^^) . (40) 



The gluon partition function has no imaginary and it can be re-written as follows 
lnZ,(/3,\/) = -{2J+l)V j ^|gln[l-2cos(ft,-^^,)e-^^>ne-2^^>^] 

-(2 J + 1) (AT, - 1) V 1 ^ In [1 - e-(^^«(^^)] . (41) 

Similar to the fundamental quark and antiquark canonical ensemble, the grand canonical 
ensemble for the adjoint gluons exhibits Gross-Witten Hagedorn transition. The grand 
canonical partition function above the point of the Gross-Witten Hagedorn transition can be 
approximated by the quadratic Taylor expansion around the saddle points as has been done 
for the quark and anti-quark grand canonical ensemble. The fact that the saddle points are 
convened at the origin simplifies the calculation remarkably. The quadratic Taylor expansion 
of the gluon grand canonical ensemble reads 



\r.Zg{P,V) = af --a,5^5^(ft.-^. 



i=l j=l 



a 



(0) _ ^ 



1 f2Ar^af ) Nc 

^ (42) 



2 2N^ 

1=1 j=i 
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where 



-(2J + l)l/A'„,,|^lu(l-e-«<.W), 
P^+l)(^)A'.*g). (43) 



and 



e 



1 -2e-l^^ai.p) + e-2/5^9(p^ 



It should be noted that when the color-singlet state with the unimodular unitary symmetry 
group representation is projected by integrating the partition function over the invariance 
Haar measure j dfi Zqqg in the Hilbert space, the Fock space component of the adjoint gluon 
grand canonical ensemble is approximated to 

In Z, V) = af - \^^^ E " ^^O'' 

" i=i j=i 



1 ^= 

(°)-i(2iV.af)5:e (45) 
1=1 

The second line in Eq. fHSj) is obtained under an appropriate transformation. The above 
procedure for calculating the canonical ensemble can be extrapolated to other symmetry 
groups such as the orthogonal and symplectic ones with the aim to avoid writing the adjoint 
representation for gluons explicitly. The same procedure still holds when an additional 
unimodular- like constraint is probed in the given symmetry group. This extrapolation is 
essential in order to simplify the calculation drastically. The grand canonical ensemble for 
a blob of quarks and gluons is the tensor product of the Fock spaces for the quark and anti- 
quark canonical partition function and the gluon canonical partition function. Therefore, 
the quark-gluon partition function just above the Gross- Witten Hagedorn transition from 
the discrete low-lying mass spectrum to the continuous high-lying mass spectrum reads 

Zqqg (/?, V) = CXp [a'qq' + tt"^^' j 6 'J ^'-^ , 

= ZqqgiOu--- ^On). (46) 

The confined quark-gluon bag must be colorless. The color-singlet-state (colorless) bags 
correspond the Hagedorn states. The color-singlet grand canonical partition function for 
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the confined quark-gluon bag in the SU{Nc) representation reads 
Zh{(3,V) = [ dfi{g)Z,,g{f3,V), 



exp y^a'gg'g 



Nc 



d9. 



Nc 



' Nc 



1„(2) ^Ncn2 

i i 



\n=l 



explagj^l /27ra 



Nc 



dO. 



\n=l 



i=l / \j>i 
Nc 

' '^3 ~ 



nir) in 



,2\ _ia(2) J^^^cg2 

g 2 qqg ■^—'z t 



(47) 



where 



1 ff^g 



77r2 _ _ 

360 ^ 12 I T J ^ 247r2 \ T J 



TC 



+ Nadj — 



90 



(48) 



and 



999 



''99 




^ » q=l 



Nf 



1 + 



3 //i, 



7r2 VT 



+ 



6 



(49) 



The partition function that is given by Eq.( l47l) leads to the high-lying continuous hadronic 
mass spectrum when it is transformed to the micro-canonical ensemble. 

It is useful to mention the following relations. The canonical ensembles for adjoint par- 
ticles in SU{Nc) and U (Nc) symmetry group representations are related by 



dfJ'[U{Nc)]e' 



- N,j c^/i[5a(^,)]e-^P^--^lE^^?. (50) 

The canonical ensembles for gas of fundamental and adjoint particles in SU (Nc) and U {Nc) 
symmetry group representations are related in the following way: 



^(Fun+Adj) 



d^^[U(Nc)]^' 



un 

1 

un 



dfJ-isuiNc)]^' 



■^[aFnn+2NcaAdj]Y.^'=ef 



(51) 
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III. INTERNAL SYMMETRY 



The canonical ensemble for the quark-gluon bag with specific internal symmetry is con- 
structed in the standard way by defining the group's eigenvalues of the conserved color 
charges which are commutated with the Hamiltonian. The group's eigenvalues are defined 
by an appropriate transformation of the group's generators to take a diagonal format as 
follows 

N 

^ a, tj = diag(6'i, ••• ,6'iv) , (52) 

i=l 

where tj arc the group's generators in the fundamental representation. The continuous 
group's parameters 9i (where i = 1, - ■ ■ N) are treated as variables of the conserved color 
charges which control the composite internal structure. In the same way, it is possible to 
write the diagonal form of the adjoint representation as follows 

aa T„ = diag (0i, • • • , 0iv„d,.) ■ (53) 

o=l 

The conserved charges in the adjoint representation depend essentially on the fundamental 
charges and they are written as functions of the fundamental charges: 

<f>a^faidl,---,ON), (54) 

where the subscript index, namely, a runs over the adjoint index a — 1, • • • ,Nadj- For 
instance with a suitable choice of the unitary representation U{N), the conserved adjoint 
charges 0^ are related to the fundamental charges 9i by = (^j ~ ^j)- The adjoint 

index a is written in term of the double fundamental indexes ij. The group's (energy-) 
eigenvalues which control the composite internal structure degrees of freedom correspond 
the conserved charges. The dual role of the group's energy-eigenvalues and the conserved 
charges is the mechanism behind the symmetry breaking/restoration (i.e. symmetry de- 
composition/reduction from symmetry group to another). It is responsible of the phase 
transition from a composite with a specific internal structure to another state with dif- 
ferent symmetry configuration. This mechanism becomes obvious in the example of the 
phase transition scenario SU{N) U{1)^~^. The chemical reaction fugacity and the set 
of characteristic chemical potentials of the conserved charges are realized by the analytic 
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continuation of the group eigenvalues iOi — )■ —P/ii. The group invariance is transformed into 
system's fugacities = e*^* — >■ Aj = e~^^^ . The internal structure of the composite is incor- 
porated by writing the canonical ensemble as a function of the group energy eigen- variables, 
namely, Z {9i, - ■ ■ , 6i\i). The easiest way to define the canonical ensemble of the composite 
in the Hilbcrt space is to write it as a tensor product of the Fock space canonical ensembles 
of the constituent quarks and gluons. The canonical ensemble for the quark-gluon bag is 
written as follows 

Zqggi'Rig)) = tr[Rggg{g)exp{-pHqgg)], 

= tr [R,(^) exp {-/3Hg)] tr [R^(^) exp {-/3Hg)] tr [R,(^) exp {-/3Hg)] . 



(55) 



The canonical ensemble for quark gas in the Fock space reads 



tr [Tiq{g) exp {-/3Hq)] = exp 



J^trln (l + R/„„(^)e-'^^^«) 



(56) 



while the canonical ensemble for gluon gas becomes 



tr [Rg{g) exp {-PHg)] = exp 



^trln(l-R„d,(^)e-'^^«'^) 



(57) 



The internal structure is incorporated by the group eigenvalues of the conserved charges. 
The fundamental and adjoint color charges are specified, respectively, by 



and 



Rfunig) = (exp [t diag(^i, ■ ■ ■ e^)]) u, 



Radj{g) = Uadj ^ (exp [idiag(0i, • • • '/'jv^rfj] ) Uadj, 



(58) 



(59) 



where U and Uadj are appropriate transformation matrices and they are reduced to the 
identity matrices (i.e. U = 1 and Uadj = 1) for the unitary group representation. Finally, 
the canonical ensemble with a specific internal structure is projected using the standard 
orthogonal expansion procedure. The specific symmetry state is projected by the integration 
of a specific projection state over the symmetry group invariance Haar measure in the 
following way. 



Z^^ J d/XG(^i,---M[xx^(^i,---M, 



(60) 
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where x = x (^i, • • • ^jv) is an orthogonal basis. The integral element d/ia is the symmetry 
group invariance Haar measure for a specific symmetry group. The invariance Haar measure 
is essential in order to accommodate the composite internal symmetry. The color confine- 
ment is manifested by maintaining the color singlet state. Fortunately, the singlet state is 
the simplest case and its basis is given by Xsingiet = 1- The prime objective is to confine the 
quarks in a color singlet state regardless of the composite internal group symmetry. 

A. Unitary symmetry group U{N) 

In the context of the unitary symmetry group transformation, the physical Hamiltonian 
is subject to the Hermitian condition 

H = hK (61) 

The unitary symmetry group subjects to the following constraint 

U^U =1, hence U'^ = U\ (62) 

where the matrix [/ is a complex one and the Hermitian matrix is defined by W = U*'^. 
The unitary matrix U has 2N'^ real parameters where A^^ comes from the real part of the 
unitary matrix and A^^ comes from the imaginary part. The unitary condition imposes 
[N + 2N{N — l)/2] constraints on 2N'^ real parameters to give Nadj — N'^ essential real 
parameters. Hence, the unitary symmetry has A^/u„ = N and Nadj — for the fundamental 
and adjoint charges, respectively. 

The Gaussian unitary ensemble multiplied by the group volume element is defined in 
terms of Hermitian matrices as follows 

Z (H) dH (invariant ) , (63) 

which is invariant under automorphism unitary transformation. The invariance Haar mea- 
sure is given by the volume element 

dH = lldHf^lldHif, (64) 

k<j k<j 

where H^^ and H^^ are real and imaginary parts of Hkj. The partition function Z (H) 
is a function of only the eigenvalues 9i where i runs over 1, • • • ,N. This means that the 
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Hermitian Hamiltonian commutes with the group generators those correspond the group 
eigenvalues 9i where i runs over 1, • • • ,N. The invariance Haar measure is reduced to 



^-^^/:(nf)nw(^), ,05) 

where — tt < 9i < n for the circular ensemble. The variables (^i, ■ ■ ■ ,9n) are the diago- 
nalized group eigenvalues. The number of adjoint charges is reduced to Nadj — N^- The 
normalisation constant Nu is determined by 

i^,^/:(n§)nw(^). m 

The saddle points of the group eigen- variables accumulate around the origin for the hot and 
dense nuclear matter under extreme conditions. Subsequently, the canonical ensemble can 
be written as the Gaussian-like ensemble in the following way, 

J dfi{ei---0N)e-''^^^^l (67) 

Therefore, the invariance Haar measure is approximated to 

~°° i=l i<j 

The unimodular condition for the special unitary symmetry group SU {N) is imposed by 

N 

^^i = 0. (69) 

i 

Hence, the invariance Haar measure for SU {N) becomes 

xf[ie,-e,fe-'^^^rol (70) 



i<j 
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By writing the delta function as 



N 



ME' 



/•oo / ^ \ 

/ dx cxp I i X 9i j , 



(71) 



the color-singlet state of the canonical ensemble for the unimodular-hke U (Nc) (i.e. SU (Nc)) 
reads 



J djjLsu {Oi--- On) e" 



2"Ei=lt'i 



2'Ka 



j diiu {9,- ■■On) e-^«S£i^?. 



(72) 



B. Orthogonal symmetry group 0(^s){^) 

The unitary Hermitian system may be decomposed into symmetric Hermitian and anti- 
symmetric Hermitian real orthogonal components. The orthogonal symmetry group is sym- 
metric one and is invariant under the time-reversal transformation. The unitary Hermitian 
system can be fully or partially projected into (symmetric) orthogonal Hermitian system. 
The projection of the unitary Hermitian system into the real symmetric orthogonal system 
is very relevant to the quark-gluon plasma under extreme conditions such as the hot nuclear 
matter. The transformation matrix, namely, U of the orthogonal group is a symmetric one. 
It has N"^ elements and these elements are restricted to N + N{N — l)/2 conditions. These 
constraints reduce the number of the adjoint variables to Nadj — N{N — 1) /2 while the num- 
ber of the fundamental variables remain the same Nfy_„ — N in the orthogonal symmetry 
group. The invariance Haar measure for the orthogonal symmetry group reads 



(S) 



71 • ■ - UN 



o 



^ rift ^ 



sm 



9, 



(73) 



The normalisation constant Njj is determined by 



o 



^ rift ^ 

nf n 

^ 1=1 Kj 



2 sin 



9i — 9. 



(74) 



When the saddle points accumulate around the origin, the invariance Haar measure becomes 

N 



i=l 



i<j 



(75) 
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The unimodular-hke orthogonal 0(5)(A^c) symmetry group is constructed by imposing 
the unimodular-like constraint X^i^i = to the standard orthogonal symmetry group. 
The color-singlet Gaussian integral for the unimodular-like orthogonal symmetry group 
SO(^s){N) is related to 0(5) (A^) in the following way 

J djio^s) (^1 ■ • ■ ^at) e~^" ^'=1 ^< , (with the unimodular-like constraint) , 
~ j diJio^^^ {01- ■■ 0m) 27r 5 (j2 
-V^/^/^o,.,(^i---Me-»^-^?. (76) 

C. Symplectic symmetry group Sp{N) (N is the number of quaternion) 

The symplectic symmetry group is time-reversal invariance. The anti-symmetrization in 
the symmetry group Sp{N) leads to odd-spin. The algebra of the symplectic symmetry 
group can be expressed in terms of quaternions. The quaternions are convenient to deal 
with the anti-symmetrization. The notation Sp{N) is equivalent to Sp{2N, R) where N 
corresponds to the number of quaternions. 

The transformation matrix U of the Sp{N) group is of the size of (2A^ x 2A^). This 
transformation matrix is considered as cut into A^^ blocks of 2 x 2 and each 2x2 block 
is expressed in terms of the quaternions. In this sense the number of real independent 
parameters these are defined in the (2A^ x 2N) self-dual Hermitian matrix is given by 
the number of the adjoint variables N^dj- The number of the fundamental (energy-) eigen 
variables is Nf^n — N while the number of the adjoint variables is Nadj — N {2N — 1). 
The invariance Haar measure for the symplectic symmetry group Sp{N) with the circular 
canonical ensemble is given by 

-^-T i=l i<j ^ ^ 

The normalisation constant Nsp is determined by 

Under extreme conditions, the saddle points of the group continuous variables accumulate 
around the origin. Therefore, the canonical ensemble is approximated to the Gaussian-like 
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ensemble in the following way 

/ di^s, (^1 • • • 9n) e-'^^^' (79) 

where a is real and positive and h and c are real. The invariance Haar measure for Sp{N) is 
approximated to 



N N 



/poo J» in ^' 

The result for the canonical partition function with the symplectic symmetry group can 
be extrapolated around the saddle points to take the following general formula 

/TT 
djJ-sp (9i, ^2, • ■ ■ ) 9n) Z (6i, 62, - ■ ■ , 9n) , 
-TV 

poo 

= Zo / ci/X5p(^i,^2,--- ,Me-^"^-^'s (81) 



where Z {61,62, ■■ ■ ,9n) ~ Zo{{6i a; 0}) e~2"E«=i''i . The abbreviation (I.S.) means that 
the internal structure and the group variables satisfy the constraint {61 — tt) < 62 < ■ ■ ■ < 
d-2N < (^1 +7r). When the unimodular-like constraint is imposed (i.e. — 0), the 

color-singlet state of the (unimodular-like) symplectic canonical ensemble is reduced to 

.00 A' N 



Z(I.S.) ~ Z„ X Ns.sj^-^ j_Jl'^XlV>-^>)*{^-''-'^"'-)- (82) 

IV. EQUATION OF STATE FOR COMPOSITE NUCLEAR MATTER 

The color-singlet-statc unitary (mixed-grand) canonical ensemble can be extrapolated to 
another color-singlet-state ensemble with different symmetry groups. The most important 
issue in the extrapolation from one symmetry group to another one is that these symmetry 
groups have the same number N^. of fundamental Fourier color charges (i.e. group eigen- 
variables) . The difference among various symmetry groups comes from the difference in the 
numbers of the conserved adjoint Fourier charges with the same number of fundamental 
Fourier charges. The second difference comes from the different invariance Haar measure 
for every kind of symmetry group. The invariance Haar measure for each symmetry group 
is essential in order to project the color-singlet-state of the quark and gluon bag. Therefore, 
the effective Vandermonde potential is modified drastically when the internal symmetry is 
transferred from one symmetry group to another one. 
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The canonical ensemble with specific internal symmetry group and that is projected to a 
certain quantum wavefuntion is given by 

state X Zqqg 

- Arz,{^,V) I i^deA Hl^.' -^^l"" ^^^tate) e-^"^^^"''l (83) 

\n=l J j>i 

where ZQ{f3,V) = exp ^ctg^gj- The symmetry group structure is defined by G = 1, 2, 4 
for the orthogonal, unitary and symplectic ensemble, respectively. The color-singlet-state 
quantum wave-function is given by Xsingiet = 1 regardless of the symmetry group. In general 
the physical state in QCD is assumed to satisfy the condition det(G) = 1 or equivalently it 
is restricted to the unimodular-like constraint, namely, Xli^i = 0- The unimodular-like 
constraint modifies the extrapolated color-singlet-state canonical Gaussian ensemble with a 
specific group such as unitary, orthogonal and symplectic symmetry groups to the following 
quantity 



Zs^nglet{^i.V) ~ UZ^{I3,V) 



\n=l / j>i 



1„(2) Y-iVc n2 

X e"5V9^«=i''», (84) 

where JV = Njj, No and Nsp for the unitary, orthogonal and symplectic symmetry groups, 
respectively. Eq. flH^ is derived by imposing the unimodular-like constraint using the fol- 
lowing trick 

/ A' \ poo 

ME^O=y dxe'^^^'\ (85) 
The integral part in Eq. (!84|) is evaluated as follows 

/ = / ITideJTiw.-e^fe-Hl^^^'.^l 



\n=l / j>i 



G{N^-N,)/4+N,/2 / 

JJ j JJ \Xj 



G 

^qgg / " \n=l / j>i 

a 

G " 



X,- 6 2 



^n.g{^] . (86) 



The exponent a is determined by 

a = G{N^-N,)/A + Nj2. (87) 
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In QCD where the number of colors becomes Nc = 3, the exponent a is reduced to 3, 9/2 and 
15/2 for the orthogonal, unitary and symplectic color-singlet ensembles, respectively, and 
these groups are fallen under an additional unimodular-like constraint. The normalisation 
constant is determined by 

AT^.G = (27r)'^G-"nr(^l + -Gnj/^r(^l + -GjJ , (88) 

where G = 1,2 and 4 for the orthogonal, unitary and symplectic symmetry groups, re- 
spectively. It should be noted that T{n) is the gamma function. The color-singlet-state 
canonical ensemble with a certain internal symmetry that is fallen under the additional 
unimodular-like condition is reduced to the following general formula, 

Zs^nglet (/?, V) ~ ^^271 / N,Af Af^^ g (ag^) ^^""'^'^ cxp (a£^) . (89) 

When the term (V/P^) is parameterised, the color-singlet-state (mixed-grand) canonical 
ensemble which is given in Eq. fl89|) becomes 



1Q9 



where 

;;(o) 



~(2) 
a - 
^qqg 



^qqgl J ■ 



(91) 



The normalisation constant Cn^g for short reads 



CncG = ^2t^/NMMncgG''. (92) 

We can relax the definition of the normalisation constant, namely, Cn^g- This modified 
constant C^^ g will be determined from the physical constraint in order to satisfy the ther- 
modynamic ensemble under realistic situations. The thermodynamic ensemble is concave up 



with respect to the variable x = K//5^ [l|. It is evident that the physical threshold must start 
from bottom point of the concave up curve. The line on the left hand side of the threshold 
point is unphysical and must be excluded. This behaviour furnishes an additional physical 
constraint that mentioned above. This provides a strong signature that analytical solution 
has been changed somewhere on the right hand side of the threshold point. The change in 
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the analytical solution behaviour indicates that the canonical ensemble transmutes from one 
state to another but the deconfinement phase transition is still not reached yet. Further- 
more, the value of the thermodynamic ensemble above the threshold of the Gross- Witten 
point is restricted to fall in a physical region (i.e. non-negative) as follows, 

In [Zggg (threshold)] > 0. (93) 

The critical (threshold) point Xc = Xmin is calculated by extremizing the logarithm of the 
canonical ensemble. The canonical ensemble is written as follows 



Zqqg (x) ~ C ( tt^Jg x] CXp ( O^^^ X 



In Zg^g (x) ~ -{a - 1/2) ln(x) + 4g!; x + [in C - (a - 1/2) InSg^^J . (94) 

The value of the relaxation constant C = Cn^g is fixed in order to regulate the solution and 
match some physical requirements The threshold point Xth is determined by calculating 
the minimum point of the concave up curve as follows 



;;{2) 



= (a - l/2)/4!,. (95) 
The limit of the normalisation constant C is determined by 

In Z (xth) > In Zo > 0. (96) 



The energy threshold is found 



V_ 

J' 



= Xth, 

th 



(« - l/2)/4l- (97) 



. As it will be demonstrated 

threshold 



The threshold Hagedorn mass is estimated from 
below when the canonical ensemble is transformed to the micro-canonical ensemble using 
Eq.f llOip . the saddle point method leads to the following dual connection 

V\ 1 / fn) 'A^/'^ 



^J^^piS^^') • (98) 



ma 

In the context of standard MIT bag model, the above relation is reduced to 

V\ m 



/3V 4(4^)^)3/4 51/4' 

> (^-l) lih (99) 
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where B is the MIT bag constant. The bag constant is assigned to be approximately 
S^/^ 200 MeV. The constraint of Hagedorn mass threshold becomes 

1/4 



rrithreshoid > 4 a - 



B 

QQ9> 



(100) 



The asymptotic density of states for the micro-canonical ensemble with large blob energy 
W is calculated by taking the inverse Laplace transform for the grand canonical ensemble. 
The inverse Laplace transform for large W is evaluated using the steepest descent method, 

'■/3o+ioo 



' po—ioo 



dl3 



-a+i 



1 

The straightforward calculation leads to the following micro-canonical ensemble, 



(101) 



{W, V) = c*- 



-{a-l) 



where 



1 



2V27r 



C 



~(2) 
n - 
^qqg 



exp 



j-1/2 



(102) 



(103) 



The saddle point of the Laplace transform is found 



1 

W 



1/4 



(104) 



In the standard MIT bag model, the bag's mass and volume are given by the following 
relations 

m^W + BV, 
m = ABV, 
W 



(105) 



1/4 



j(0) 

B 



1/4 



m. 



The density of states for the continuous high-lying mass spectrum is given by calculating 
the canonical ensemble and its transformation to the micro-canonical ensemble. The con- 
tinuous high-lying mass spectral densities for the color-singlet-state orthogonal, unitary and 
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symplectic symmetry groups with an additional unimodular-like constraint are reduced to 
the following general form 



Phigh {m) 



■~(o) 
n - 

B 



1/4 



-\ -a+1 



m 



exp 



■~(o) 
^qqg 

B 



1/4 



m 



(106) 



The value of the exponent a = G{N^ — Nc)/4:+Nc/2 depends on the bag's internal symmetry 
and again G — 1,2 and 4 correspond the orthogonal, unitary and symplectic symmetry 
groups, respectively. The unimodular-like constraint is assumed implicitly in all symmetry 
groups those are considered in the present work. The normalisation constant C* depends 
on the group kind. Moreover, the continuous high-lying mass spectral density is simplified 
to 

P{ii) (m) = Phigh (m) , 
Phigh (m) = 071"°' e^"", 



_(0) \ 1/4 

6= ( ^ 



> . 



4 /-y* 



3 / £^9 

4 I B 



1/4 



-a+1 



(107) 



The mass spectral exponent a in the mass spectral density pii{m) is reduced to a = ^ + ^, 

for the unimodular-like orthogonal, unitary and symplectic 



a — ^ and a — 



Hagedorn states, respectively. Furthermore, the density of states for the colored bags with 
color SU (Nc) symmetry group (i.e. non-singlet color states) can be written in similar manner 
but the mass spectral exponent a takes the minimum value 0. = \ regardless the number of 
colors. 

The scenario of the phase transition for the dilute and hot nuclear matter (i.e. //^ ~ 
and T — > Tcriucai) seems to pass multi-process phase transitions. The color-singlet-state 
SU (Nc) symmetry group (Hagedorn states) is broken to the color-singlet-state unimodular- 
like [/(l)'^"^ symmetry group (equivalent to C/(l)^=~^) and, subsequently, the number of 
adjoint color degrees of freedom is reduced from — 1 to N^—l. This can be interpreted that 
A^^ — Nc gluon degrees of freedom are released from the unitary Hagedorn states when they 
are mutated to [/{l)^" Hagedorn states. Furthermore, the symmetry transmutation from 
the SU{Nc) color-singlet state to the C/(l)^= color-singlet state likely takes place through 
the intermediate the Os{Nc) color-singlet state. 
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The crucial phenomenon of the model is that the quarks and anti-quarks tends to be 
confined in the C/(l)^= Hagedorn states (i.e. colorless states). These states can be interpreted 
as quark liquid bubbles. The construction of the color-singlet-state for (unimodular-like) 
[/{l)^" quark-bag is different from those for the color-singlet-state bags with the unitary, 
orthogonal and symplectic internal symmetry groups with the unimodular-like constraint. 
The C/(l)^'= symmetry group maintains the minimal gluonic content in the quark-bag (i.e. 
the minimal interaction among the quarks and antiquarks since A^/u„ = N^. and Nadj — Nc) . 
The U{1)^'' color-singlet-state canonical ensemble for quark and antiquark bag is constructed 
in the following way 



■'qbag 



1 

2^ 



di,u(i){o)z,-,,{p,v,e) 

d9Z,^g{(3,V;e) 



Nc-1 



Nc 
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Instead of considering the [/{l)^" symmetry group, the [/{l)^" symmetry group with the 
unimodular-like constraint (^^^ Oi — 0^ is adopted in order to be consistent with unitary, 
orthogonal and symplectic symmetry groups those are restricted to the unimodular-like 
condition and have the same number of the fundamental color charges. Hence, the canonical 
ensemble for the C/(l)^'= color-singlet state of the quark-bag is constructed as follows 

. / Nc \ Nc 



Nc 



= n 



de. 



Nc 



Nc 
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27rS\^ejj Ylz,-,,{P,V,e,), (109) 

where it is restricted to the unimodular-like constraint. At extreme condition, it is reduced 
to 
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and 



~(2) 



/=i 



+ (2J+1) 



(112) 



The color-singlet-state micro-canonical ensemble for the unimodular-like [/(1)^'= symmetry 
reads 
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exp 
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where 
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Furthermore, using the standard MIT bag model approximation, the mass spectral density 
is reduced to 



P{II) = Pqbag[m) 
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The high- lying mass spectral density for the color-singlet-state (unimodular-hke) C/(l)^= 
symmetry quark-bag reads. 



P{II){m) = Pqbag{m), 
-■qb 



(116) 



where a = — Nc/2 and 



^qb 



hnh = 
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Generally speaking, it is possible to write the high lying mass spectral density as a linear 
combination of the Hagedorn states with different internal symmetries in the following way. 



P{ii)\ 
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symmetries 
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where the index i run over the unimodular-hke orthogonal Os{Nc), unitary U{Nc), symplec- 
tic Sp{Nc) and U^l)^" Hagedorn states, respectively. 

The hadronic matter consists all the known discrete low-lying mass spectrum particles 
those are found in the data book [3] and the confnuous high-lying mass speet™,n for 
the Hagedorn states with various internal structures. For instance the the data book [3|] 
consists of 76 non-strange mesons and 64 non-strange baryons besides strange and other 
flavor hadrons. The density of states can be written as follows 

p (T, A, m) = p(,) (T, A, m) + p(,,) (T, A, m) . (119) 

The first term on the right hand side of Eq. flllQp is the discrete low- lying hadron mass 
spectrum 

mesons baryons 

pt^i) (T, A, m) = ^ 5 (m - itim) 5{K - Am) + ^ S (m - m^) 5(A - A^) 

M B 
exotic 

+ J2 ^ - ^e) S{A - Ae) (120) 

E 

where rriM and Am, respectively, are the meson's mass and fugacity and rriB and A^, respec- 
tively, are the baryon's mass and fugacity while rriE and A^;, respectively, are exotic parti- 
cle's mass and fugacity. The baryon and meson mass spectra are satisfying the Fermi-Dirac 
and Bose-Einstein statistics, respectively. The exotic particle satisfies either Fermi-Dirac or 
Bose-Einstein statistics depends on the number of its constituent quarks and antiquarks. 
Since the discrete low-lying mass spectrum is limited for a relatively light hadron mass 
m < rricriticai ~ 2 GeV for non-strange hadrons, the Fermi-Dirac and Bose-Einstein are 
distinctive and they are taken exactly: 

/ = %)(T,y;A), 

/ dm pi^j) (T, A, m) [in z^stats) {T, m, A) + In Z(stats) (T, m, A"^) ] j , 
= (T, 1/; A, Mesons) x (T, V"; A, Baryons) 
X %) (T, 1/; A, Exotics) , 

(121) 

where the subscript notation, namely, (Stats) indicates either Fermi-Dirac or Bose-Einstein 
statistics for baryons or mesons, respectively. The low-lying mass spectrum ensemble is 
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decomposed into mesonic, baryonic and exotic ensembles as follows 

Mesons 

Z(i) (T, V- A, Mesons) = JJ [zbe (T, tum, Am) x zbe {T, niM, Am')] , (122) 

M 

and 

Baryons 

(T, 1/; A, Baryons) = Y\_ [zfd iT,mB, Ab) x zfd {T,mB, A]^^)] , (123) 

B 

as well as 

Exotics 

(T, 1/; A, Exotics) = JJ [zbe {T^tue, Ae) x zbe {T,mE, A]^^)] 

E 

Exotics 

X 

E 

^ exp [negligible] ^ 1. (124) 



JJ [zFD{T,mE,AE) x ZFD{T,mE,Aj^^)] 



The exotic hadrons are suppressed because of their relative large masses in comparison to 
the ordinary mesons and baryons. Hence its contribution to the discrete hadronic mass 
spectrum is negligible. 

The Fermi-Dirac and Bose-Einstein statistics, respectively, read 



Zed {T, m, A^) = exp 
and 

Zbe {T, m, Am) = exp 



(2Jb + 1)V J 



-(2 Jm + 1)^ / In (l - AMC-Vi^^yT 



Infl + ARe-V^^"^/^ 
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(126) 



The mesonic and baryonic fugacities are given by Am = e^^^^^^ and A^ = e^^'^^^ ^^^^ , 
respectively, where S* = 0, — 1 etc is the strangeness quantum number. 

The second term p(//) (T, A,m) on the right hand side of Eq. flllQp is the continuous 
high-lying mass spectrum and corresponds the Hagedorn's density of states. These states 
correspond the hadronic bubbles with relatively large hadronic masses and they appear as 
fireballs just above the highest known hadronic particles those are represented by the dis- 
crete low-lying mass spectrum. The Hagedorn threshold is estimated to be m > 2 GeV 
for the non-strange hadrons. In the simplest approximation, the mass of the composite 
hadron is considered relatively large and the flavor degree of freedom is assumed to main- 
tain the maximal invariance. Such exotic hadrons (Hagedorns) have no reason to prefer 
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the Fermi-Dirac or Bose- Einstein Statistics. These Hagedorn states are assumed to obey 
the classical Maxwell- Boltzmann statistics for the simplicity due to their relatively large 
masses. Nonetheless, in any realistic physical situation, the Hagedorn states violate the fla- 
vor invariance and this violation becomes negligible when the medium tends to be extreme 
hot and the chiral symmetry tends to be restored (i.e. the is no sufficient time for the ffa- 
vor violation). Furthermore, the Maxwell-Boltzmann statistics is not adequate one for the 
highly compressed the cold (or shght warm T few tens MeV) nuclear matter. In the case 
of highly compressed nuclear matter where becomes large and T is small, the quantum 
statistics such as Fermi-Dirac or Bose-Einstein Statistics becomes important. It is remark- 
able to note that the Bose-Einstein statistics is likely to lead to the Hagedorn condensation 
when the baryon chemical potential becomes very large at relatively low temperature T. 
In this sense the quantum statistics turns to be important. 

The grand canonical partition function for the Hagedorn states is given by 

/ = %,)(T,l^,A), 

= exp ( / dm pf^ii) (T, A, m) [in Z(^stats) (T, m, A) + In z^stats) {T, m, A"^)] J , 

\Jmo / 

= Z(n) {T, V, A; Mesonic) x Z^u) (T, V, A; Baryonic) x Z^jj) (T, V, A; Exotic) 

X (•••). (127) 

The continuous high-lying mass spectrum can be decomposed to mesonic {B = 0) and 
baryonic {B — 1) Hagedorn states and the exotic Hagedorn states with baryonic quantum 
number B > 1. The mesonic and baryonic fugacities are given by Am — e^'^'^^^/^ and 
Ab — e^^'^^+'^'*'5^/^, respectively, where S is the strangeness quantum number and B is the 
baryonic number. The (ordinary-) baryonic Hagedorns carries B = 1. The Exotic Hage- 
dorn's states can carry various baryonic and strangeness quantum number B = 0,1,2--- 
etc and S = 0, —1, ■ ■ ■ etc where the fugacity is reduced to AexoUc = e^^ '^'^^^ ^^^^'^ . In the 
case of no strangeness degree of freedom, the strangeness quantum number is reduced to 
S — 0. The other flavor degrees of freedom such as charmonium can be introduced in the 
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same way. The continuous high-lying density of states p(//) (T, A, m) is decomposed to 

(T, A, m) = ^ p(//) (T, Am, m; Mesonic) 

5 

+ 5Z '^(^^) Baryonic) 
s 

+ ^ ^ P(//) (T, AexoUc, m; Exotic) , (128) 

B s 

where summations are carried over the baryonic and strangeness quantum number B and 
S, respectively. The exotic Hagedorn states are assumed negligible and they are dropped 
from the calculations. This approximation seems to be reasonable for the hot and diluted 
matter. Fortunately, the situation is simpler in the case of small ps and high T rather than 
for large /is and low T. 

The partition functions for mesonic and baryonic Hagedorns read 

In Ztjn (Mesonic) = In Znn (T, V,Am', Mesonic) , 



oo 



X 



dm p{ii) (T, Am, m; Mesonic) 



[in zbe (T, m, Am) + In zbe {T, m, A^/)] 



(129) 



and 



In (Baryonic) = In (T, V, A^; Baryonic) , 

dm p(^u) (T.Ab, wi; Baryonic) 
\\.-n.ZFD (T,m,AB) + Inzpn (T,m,A]^^)] 



mo 



(130) 



respectively, where mo is determined from the threshold mass mg = m,th- The Fermi- 
Dirac and Boson-Einstein ensembles for the baryonic and mesonic Hagedorns are given in 
Eqs. (11251 ) and (11261) . respectively. For example, the mesonic and baryonic fugacities are 
given by Am = 1 in the case of no strange degree of freedom is included (i.e. ps = 0) and 
A^ = e^^/"^ , respectively. 

The grand potential for the mesonic and baryonic Hagedorn states are calculated, respec- 
tively, as follow 

^ (Mesonic Hagedorn gas) = — T In (Mesonic) , (131) 
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and 

^ (Baryonic Hagedorn gas) = —T In Z(^ii) (Baryonic) . (132) 

In order to simplify the treatment, we follow the standard procedure for heavy Hagedorn 
states (mo > 2 GeV) those dominates the dilute and hot nuclear matter. The partition 
functions for classical mesonic and baryonic Hagedorn states, respectively, read 



\nzBE{T,m,AM) = -{2Jm + 1)V j In (l - AMe-\/(^^/^) , 

^ (2 Jm + 1)Am V { — \ e-^l^, (133) 



and 

ln^^^(r,m,AB) = (2Js + l)\/ ^ ^ In (l + A^e-v^^^^/^) , 

^ {2Jb + 1)KbV e— (134) 

The exotic Hagedorn states with the baryonic number B > 1 are assumed to be suppressed 
and subsequently they are dropped from the calculations. The classical statistics is an 
adequate approximation for the flavor invariance when the dilute nuclear matter is heated. 
However, in the case of the cold and highly compressed nuclear matter, the classical Maxwell- 
Boltzmann statistic fails for the mesonic Hagedorn states when the meson condensation (in 
particular the strangeness) takes place in the system. Hence, the exact quantum Bosc- 
Einstein and Fermi-Dirac statistics become essential for cold and dense nuclear matter. 
The high-lying strangeness condensation takes place when the mesonic Hagedorn frequency 
approaches zero. This phenomenon takes place when the strange chemical potential 
reaches a critical value. Hence, under such a circumstance, the Bose-Einstein statistics must 
be taken exactly in the calculation. Furthermore, the exotic Hagedorn states may turn to be 
important when the nuclear matter becomes extremely dense in order to soften the equation 
of state. Fortunately, in the neighborhood of the tri-critical point, the condensation is not 
expected in the hot and dilute nuclear matter and the classical Maxwell-Boltzmann statistics 
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remains a good approximation. Hence, the Hagedorn's partition function is approximated 

to 



In (T, V, A) ^ + 1) ^« J P(") ^Q' ^) ^'/'e-"^/^t/m, 

~ §;^E(2^Q + 1)^«^« y m--'?+3/V('^-M-d,ri, (135) 



where Q ^ S,B, - ■ ■ is the Hagedorn's quantum number that is indicated by Eq. fll28p and 
the mass spectral density of the Hagedorn species, namely, pq ~ cq m~"'3 e^Q ™ is identified 
by its specific internal symmetry as constructed above. The mass spectral exponents aq = a 
for various symmetries are displayed in Table ([I]). 

The mass spectral density with the conserved charges of the group symmetry U{1)b x 
U{l)s ■ ■ ■ (i.e. with a specific flavor symmetry but not the maximal flavor invariance) can 
be evaluated by adopting the imaginary chemical potentials as follows 

p^u) (r, e'^^'^, ■ ■ • , m) ^ p^u) (e^^«-/^^ e^««^ ■ ■ ■ , m) . (136) 

Therefore, the mass spectral density with the conserved baryon and strange numbers is 
calculated by finding the Fourier inverse as follows, 

P(,,)(5,^,m) = fj^e-^^^- |_^^e-^^«^P(,,)(e^^«-/^^e^^«^m). (137) 

The conservation of the baryon number B modifies the mass spectral exponent slightly to 
a — )■ a + Moreover, the strange degree of freedom (i.e. the conservation of strange number 
S) modifies the mass spectral exponent by an additional term m~2 and, subsequently, the 
resultant mass spectral density becomes p ~ eK'S,5-- )m ^j-^gj^g ^^j-^g gxplicit formula 

for 6(5, S ■ ■ ■) can be calculated using the saddle point approximation. In this case, the 
partition functions for the mesonic and baryonic Hagedorns are reduced to, respectively, 

poo 

In (mesonic) = / dmp(^ij) {B = 0, S,m) 
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X 



[In zbe{T, m, e^^«/^) + In zbe{T, m, e'^^^/^)] , (138) 
and 

POO 

In (baryonic) = / dmpi^jj) {B = 1, S,m) 

J mo 

X [In ZBE (T, m, e'^^/^+^'^s/^) + In zbe (T, m, e-^s/T-5A.s/T^ j ^^^gg^ 
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The contribution of the hberated gluons due to the modification of the Hagedorn state's 
internal symmetry is given as follows 

In Zig{T) = (2 J + l)VT' Ni, (^^^ , (where J = . (140) 

The liberated gluons due to symmetry reduction is given by A^^^^ = 0, (A^c + 1) and 
Nc{Nc — l) for unitary, orthogonal and U{1)'^'' Hagedorn states, respectively. The total 
partition function for the Hagedorn matter becomes 

In Zn-matter (T, V, A) = lu Z^jj) (T, V, A) + In ZigiT). (141) 



V. CHIRAL PHASE TRANSITION 



The role of chiral phase transition can be considered explicitly in the context of the present 
model [l| . The chiral restoration is expected to take place at the Gross- Witten point or at its 
neighbourhood but below the point of the color deconfinement. The chiral phase transition 
is likely to be a first order one if it takes place at the Gross- Witten point [65]. We shall 
demonstrate in the present section that the chiral phase transition takes place below the 
deconfinement phase transition point for the orthogonal Hagedorn states. If this is the case, 
then the standard treatment given in the preceding sections is sufficient. However, if the 
chiral restoration takes place far away above the Gross- Witten point in the matter that is 
dominated by the Hagedorn states then the effect of the chiral field becomes important. In 
this case, the chiral Hagedorn states have to be considered explicitly in the calculation. The 
contribution of the discrete low-lying hadron mass spectrum is negligible since the nuclear 
matter at extreme conditions turns to be dominated by the Hagedorn states above the 
Gross- Witten point. The partition function for the quark and antiquark given by Eq. (l2T]) 
in the absent of the chiral background is modified when the chiral field is considered in the 
calculation. In the mean field approximation, Eq.( l2Tl) is modified to become 




(142) 



where e(p, a) = y fP + (m*(cr))2, 'm*{a) = niq + gaCr and a =< cr > is the chiral mean field 
condensate. Hence in the background of the chiral field, the quark-gluon partition function, 
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in the Hilbert space, reads 

V, a) = Z,-,,{P, V, a) x V). (143) 

The gluon partition function Zg{f3,V) is given by Eq.l HTil . The color-singlet state of the 
mixed-grand canonical ensemble for the chiral quark- gluon bag is projected out in the fol- 
lowing way 

Zsingiet{f3,V,a) = J dfidg) XSinglet{g) >^ Z^gg ^{(3 ,V, a) , 

= J dfiGig)Zg-,g^{/3,V,a), (144) 

where Xsmgietig) = 1 and G refers to the group classification either unitary, orthogonal 
or symplectic one. The integration over the invariance Haar measure is performed in the 
standard way using the Gaussian integration method as that is presented in Sec. [TTl (see also 
Refs. [l|, 3])- Furthermore, the micro-canonical ensemble with large energy W is calculated by 
taking the inverse Laplace transform of the mixed-grand canonical ensemble in the following 
way 

Zs^nglet (W, \/, a) = — / d/3 6^"^ Z s^ngUP . a) . (145) 

The inverse Laplace transform is evaluated using the steepest decent method [l|, |2|. The 
Laplace stationary point is determined by extremizing the exponential with respect to the 
Laplace variable /3. Because of the finite value of the quark's chiral mass, the solution of the 
Laplace saddle point becomes a transcendental one and can not be written in a closed form. 
In this case, the saddle point and the inverse Laplace transform is evaluated by iteration |l|). 
The first iteration is sufficient to shed the light on the chiral restoration phase transition. 
The standard MIT bag model furnishes the following relations between the bag's mass and 
volume: 

m = W + BV, 

W = fm, (146) 
V = ^ 

where B, W, V and m are the bag's constant, cavity energy, volume and mass, respectively. 
Hence, the Hagedorn's density of states for the chiral color-singlet quark-gluon bag with a 
specific internal color symmetry is reduced to 

pH{m,a) oc Zsingiet{W,V,a)\^^^3^y^^y (147) 
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The mixed-grand canonical ensemble for the matter of chiral Hagedorn states reads 



In Z(,,)(T, /i, V, a) = 2(2 J^, + 1) cosh (/i^,/T) 

3/2 



r°° /mT\ ' 
xV dmpH{m,a) { e"'"/^. (148) 



'mo 

The total grand potential density for the chiral Hagedorn matter in the presence of the chiral 
field is given by 



= ^nHAT,fi,V,a) + Uia). (149) 

The chiral Hagedorn's grand potential density ( i.e. the first term on the right hand side of 
Eq.f ll49p ) is given as follows, 



1 d 
—nHa{T,fi,V,a) = -T — In (T, /i, V, cr) 

= -2(2Ji^ + 1) cosh (/ij^/T) 

3/2 



dmpH{m,a) i^—j e-^^l^ . (150) 



'mo 

The chiral potential ?7(cr) ( i.e. the second term on the right hand side of Eq. (ll49p ) can be 
introduced by a phenomenological one in the following way 

U{o) = \mla'' ^\c^a^ ^]c^a\ (151) 

where the cubic and quartic terms represent the scalar self-interactions and they were pro- 
posed by Boguta and Bodmer Gsl- In the simplest approximation, the cubic and quartic 
terms are neglected by taking C2 = and C3 = and this corresponds to the Walecka-like 
models. The value of the mean field a is determined by calculating the extremum (i.e. 
minimum) of the total grand potential density, namely, 

^^J].(T,/i,V^,a) = 0. (152) 

In order to calculate the chiral Hagedorn's grand potential density that is given in Eq. fll50p . 
the high-lying mass spectral density for chiral Hagedorn states is rewritten in the following 

way 

Ph (m, a) = cm-"e''(") ™. (153) 
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In the context of standard MIT bag model (see for instance Eq. fllOSp ). the exponential term, 
namely, b{a) reads 



1/4 



(154) 



Furthermore, the function (cr) with the chiral field background is determined as follows 



(155) 



where the chiral quark-antiquark term reads 
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The gluon term remains intact and is given by ag^"* = {2J+l)Nadj j • The term a^^ (a) 
with zero chiral field background is reduced to 



cr=0 



a=0 



~{0) 



Nf 



(2J + l)iV,^ 



360 12 V T / 247r2 V T 



(157) 



The saddle point /3 is calculated by iteration with respect to the chiral mean field a. The 
first iteration in the context of the MIT bag model leads to ( see also Eq. fll04p ), 



qqg 



'^q/B 



(158) 



The mass spectral exponent a that appears in the mass spectral density that is given in 
Eq.( ]153p is determined by Eq.( l87|) . It is reduced to a = 3, | and y for fhe orthogonal, uni- 



tary and symplectic Hagedorn states, respectively. It becomes a = | for U^i)^" ^ Hagedorn 
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states. The color-singlet projection with unimodular-like constraint is imposed in the all 
preceding Hagedorn states. It is reduced to a = | for color non-singlet SU{3) quark-gluon 
bags. The values of the mass spectral exponent a with various symmetries are displayed in 
Table ([T]). The variation of the chiral Hagedorn's grand potential density with respect to a 
is reduced to 



mo 



POO 

J mn 



mi a oc 



I mo 

The scalar mean field, namely, cr =< cr > is found by extremizing {T, fi,V,a) which is 
presented in Eg. (11491) . The value of mean field a = ao can be approximated to 

/ ■'mo 

The consequence of Eq. (ll60p when the temperature reaches the deconfinement one is im- 
portant. The integral term on the right hand side of Eq. (ll60p diverges for the mass spectral 
exponent a < | + 1. It implies that the only possible solution is that = and 

a = 0. This means that the chiral field is certainly restored before the deconfinement phase 
transition point is reached. Hence, the chiral symmetry is restored far away below the de- 
confinement point for nuclear matter that is dominated by the orthogonal Hagedorn states 
(or the Hagedorn states with mass spectral exponent a < | + 1). On the other hand, it is 
possible to have a finite value solution for a for Hagedorn states with mass spectral exponent 
a > 1 + 1. Furthermore, when the exponent exceeds the limit a > | + 1, then it is pos- 
sible to have the first order chiral phase transition simultaneously with the deconfinement 
phase transition point. This support the existence of the tri-critical point at finite fiB and 
T where the nuclear matter at moderate baryonic densities is supposed to be dominated by 
the unitary Hagedorn states prior the color deconfinement phase transition. 



VI. DISCUSSIONS 

In order to study the deconfinement phase transition diagram in QCD, the hadronic 
density of states must be known for the entire energy domain below the borderline of the 
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deconfinement phase transition to the true deconfined quark-gluon plasma. The hadronic 
density of states for the discrete low-lying mass spectrum is found from the available ex- 
perimental data that is listed in the particle data group book jsl- The discrete low- lying 
mass spectrum is extrapolated to the continuous high-lying one using reasonable theoret- 
ical models. The standard theoretical procedure to find the hadronic density of states is 
carried out by computing the micro-canonical ensemble for the quark and gluon bag with 
specific internal symmetry that is consistent with the experimental observation and other 
theoretical models. The confined quark and gluon state is guaranteed by projecting the 
color-singlet state (i.e. the colorless state). The structure of the underlying internal color 
symmetry of a composite bag has attracted much attention in order to understand the con- 
finement /deconfinement in QCD. The Hagedorn model seems to be very useful in studying 
the shear viscosity of QGP and even investigating the extended gauge (conformal) field 
theories such as AdS/CFT. The bag's constituent quarks and gluons are considered in the 
context of various underlying symmetry groups such as the orthogonal, unitary and sym- 
plectic symmetry groups as well as U^l)^" symmetry group. In order to be consistent with 
QCD, the unimodular-like constraint is imposed in the all symmetry groups those are under 
the present investigation. The unimodular-like constraint is an additional constraint for 
the orthogonal and symplectic symmetry groups and its absence does not affect the general 
discussion of the present work. Usually, the natural choice in QCD is the unitary symme- 
try group. Hence, the transmutation from the unitary symmetry group to orthogonal or 
symplectic symmetry group is associated with a new phenomenology. The major argument 
is that: is it possible under certain scenario the the Hagedorn matter that is dominated 
by the colorless unitary states to be altered (by transmutation) to another one dominated 
by either colorless orthogonal states or colorless symplectic ones and vice versa? It is im- 
portant to mention here that the Hagedorns are colorless regardless of their internal color 
symmetries. The colorless is guaranteed by projecting the color-singlet-state. The answer 
is that: this scenario seems to be reasonable in order to explain the elusive behaviour of the 
deconfinement quark gluon plasma in the phase transition diagram. 

Furthermore, the relevant point to the hadronic phase transition is the Gross- Witten 
point. This point is associated by modifications in the hadronic matter properties. The 
Gross- Witten point is strongly believed to be not the deconfinement point and to be merely 
a transition from hadronic matter that is known to be dominated by the low-lying mass 
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spectrum to another class of hadronic matter. The Gross- Witten point is interpreted to be 
the point where the phase transition from the discrete low-lying mass spectrum to the con- 
tinuous high-lying mass spectrum is taken place in the hadronic matter. The low-lying mass 
spectrum is defined by the known hadrons those are available and known experimentally 
while the high-lying mass spectrum is defined by the Hagedorn states. The phase transition 
from the low-lying to the high-lying hadronic mass spectrum is caused by the modification 
of the analytical solution for the color-singlet-state of the underlying group structure of a 
composite bag. The analytical solution for the color-singlet-state is modified drastically 
when the Vandermonde effective potential develops a virtual singularity. When the solution 
is regulated, another analytical solution emerges and the hadronic phase transition from 
the discrete low-lying mass spectrum to the Hagedorn matter takes place in the system. 
Evidently, the Gross- Witten point differs from the deconfinement phase transition point 
and it is located in the hadronic phase below the deconfinement 's threshold. Therefore, the 
Gross- Witten point seems to be necessary for the existence of the tri-critical point and the 
multi-phase transition processes below the deconfined quark-gluon plasma. 

The hadronic phase transition from the hadronic matter which is dominated by the 
discrete low-lying hadronic mass spectrum (consists baryons such as A^, A, S, S, ■ ■ ■ and 
mesons such as pions, kaons, ■ ■ ■ ) (i.e. all the hadrons that are found in particle data 
group book [3]) to another hadronic matter that is dominated by the continuous high- lying 
hadronic mass spectrum (i.e. Hagedorn states) takes place at the Gross-Witten point. It 
is argued that the hadronic phase transition is of the higher order and it is typically of 
a third order one. Since the discrete low-lying hadronic mass spectrum below the Gross- 
Witten point is presumed to maintain the original internal unitary SU{Nc) structure, it is 
natural to assume that the initial Hagedorn states which emerge just above the Gross-Witten 
point is the mass spectrum of a composite bag with colorless SU{Nc) states. Moreover, it 
is reasonable under certain conditions to imagine that it is easier for the Hagedorn states 
to modify their internal symmetry from the unitary SU{N) representation to either an 
orthogonal 0{N) symmetry group or a symplectic Sp{N) symmetry group. The modification 
of the composite Hagedorn internal symmetry takes place by either the partial symmetry 
breaking or the partial symmetry restoration rather than breaking the symmetry group 
entirely from the colorless state to the colored SU{Nc) state (i.e. color- non- singlet state). 
Since the discrete low-lying mass spectrum maintains SU{Nc) symmetry, the continuous 
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high-lying mass spectrum threshold hkely emerges at first as the colorless unitary SU (Nc) 
states. The high thermal excitations modify the internal symmetry of the unitary Hagedorn 
states. Therefore, the continuous high-lying mass spectrum seems to have the feature to 
modify its own internal symmetry structure and subsequently the mass spectral exponent 
a. The difficulty to catch a clean signature of the explosive quark-gluon plasma can be 
traced to the multi-modifications (or transmutations) of the hadronic phase just below the 
deconfinement phase transition but above the Gross- Witten transition. Furthermore, the 
excited exotic matter that can be formed aftermath the proton-proton collisions at LHC 
can be traced to Gross- Witten phase transition from the low-lying mass spectrum to the 
Hagedorn states and the subsequent multiple phase transition processes at low baryonic 
density and high temperature. 

The breaking of the quark-gluon bag's internal symmetry from the colorless SU {Nc) state 
(i.e. color-singlet state) to the colored SU{Nc) state (i.e. color-non-singlet state) requires 
much more energy than that is needed for the Hagedorn state to alter its internal symmetry 
from the colorless unitary state to the colorless orthogonal state and freeing gluonic jets 
to the medium due to the reduction in the number of adjoint degrees of freedom in the 
composite Hagedorn bags. In this sense, the colorless SU (Nc) bags transmute to orthogonal 
ones and emit gluonic jets (due to the reduction of the adjoint degrees of freedom) and these 
jets decay to other (exotic) particles. The resultant colorless orthogonal bags under extreme 
hot nuclear matter may undergo a direct deconfinement phase transition to the quark-gluon 
plasma. In this case, the colorless orthogonal state is fully broken to the colored SU{Nc) 
symmetry where the colored quarks and gluons are liberated to form deconfined quark-gluon 
plasma. Hence, it seems that the resultant Hagedorn phase which is dominated by colorless 
orthogonal quark-gluon bags explains the fluid properties such as the low viscosity for the 
quark-gluon plasma in the RHIC and possibly in the LHC. The possible explanation is that 
the effective orthogonal Vandermonde potential is weaker than the unitary one but it still 
acts as the Coulomb gas or gas of fluid droplets. On the other hand, it is possible to think 
about the coupling of various degrees of freedom such as the translation, color and flavor 
degrees of freedom when the nuclear matter is highly compressed. The translation invariance 
of the flavor quarks might be badly broken in the extreme dense nuclear matter. Hence, it is 
reasonable to assume that the color symmetry group partially merges with the translation 
and/or flavor symmetry group and the resulting color-flavor (or color-translation) degrees 
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of freedom form an effective color-flavor symmetry group. In other words, the colorless 
unitary (or orthogonal) state couples with flavor degree of freedom SUv{Nf) (or SO{Nf)) 
and forms an effective colorless symplectic Sp{N) state. This new symmetry maintains the 
maximal flavor invariance (i.e. conserved f/(l)^^~^) and guarantees the colorless state (i.e. 
color- singlet) in a nontrivial way. Hence, the effective symplectic symmetry is basically a 
coupled color-flavor symmetry. Furthermore, the color symmetry remains colorless when the 
symplectic Sp{N) symmetry is projected to the color-singlet state while the flavor symmetry 
remains to maintain its maximal invariance in the following possible scenario 

SU{N,)U^,^, X SULiNf) X SUniNf) ^ SU{N,)U^,^, x SUv{Nf) 

^ SpiNe)l,^^,,, X U{lff-\ (161) 

Hence, the extremely dense nuclear matter seems to favor the phase transition from the 
unitary Hagedorn states to the symplectic Hagedorn states. 

The mass spectral exponents for the Hagedorn states with different internal symmetries 
are displayed in Table ([T]). 

Fig. (Il]) depicts the phase transition diagram in the fiB — T plane. It is shown that 
at low temperature the dilute nuclear matter which is dominated by the discrete low-lying 
hadronic mass spectrum states, such as pions, kaons etc and nucleons. Lambdas etc and so 
on, forms a gas of free discrete low-lying hadrons. Under certain conditions, those hadrons 
interact with each others and form nuclear matter (usually in the simplest approximation, the 
hadrons are treated as ideal gas). When the nuclear matter is heated up and/or compressed, 
it undergoes higher order Gross- Witten Hagedorn phase transition from the nuclear matter 
that is dominated by the discrete low-lying mass spectrum hadrons to another nuclear matter 
that is dominated by the continuous high-lying mass spectrum hadronic (Hagedorn) states. 
The Gross-Witten line appears as the dotted line (red online) in the lower-left of the phase 
transition diagram. It is shown that the nuclear matter which is dominated by the discrete 
low-lying hadrons passes higher order Gross-Witten Hagedorn transition to another nuclear 
matter that is dominated by the continuous high-lying mass spectrum of the colorless unitary 
SU{Nc) quark-gluon bag. The order of the phase transition is likely to be a third order one. 
The intermediate Hagedorn matter is shown above the Gross-Witten line which appears as 
the dotted line (left) and below the deconfinement phase transition line which appears as the 
upper thick solid line. It is evident that the continuous high-lying mass spectrum just above 
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the Gross- Witten point (i.e. a continuous line in the /ib — T plane) is likely to be dominated 
by the unitary Hagedorns (i.e. colorless unitary SU{Nc) states). When the dilute SU{Nc) 
Hagedorn matter is heated up, the Hagedorn states mutate their internal symmetry from 
the colorless SU{Nc) symmetry to the colorless 0{Nc) symmetry. Nevertheless, the flavor 
symmetry maintains its optimal invariancc in the hot nuclear bath. Hence, the unitary 
Hagedorn matter undergoes phase transition to another Hagedorn matter that is dominated 
by the colorless orthogonal 0{Nc) states and becomes orthogonal Hagedorn matter. The 
phase transition from unitary Hagedorn matter to orthogonal Hagedorn matter is shown by 
the light dotted line (yellow online) on the top left of the —T phase transition diagram. 
At higher temperature, the Hagedorn matter that is dominated by the colorless orthogonal 
states undergoes dcconfincmcnt phase transition to the quark-gluon plasma where the color- 
singlet constraint is broken in order to form colored SU {Nc) states. When the color singlet 
constraint is broken badly, the colored quarks and gluons are liberated and/or the quark- 
gluon bags become colored ones. The order of the deconfinement phase transition is supposed 
to be varied and it is shown by several gray circles on the top and left of the jis — T phase 
transition diagram. Two major factors likely modify the order of phase transition: The 
first factor comes mainly from the Hagedorn internal symmetry modification to either the 
colorless SU {Nc), colorless 0{Nc) or colorless Sp{Nc) states. It is also possible to assume that 
the heat can release most of the gluonic contents of the Hagedorn states and mutates them 
to the colorless U (1)^'' quark bags in the case of the dilute nuclear matter where hb ^ (i-e. 
further reduction in the adjoint degrees of freedom). Eventually, the heat can break the color- 
singlet constraint and the metastable colored (color-non-singlet-sate) SU{Nc) quark-gluon 
bags (with initial total zero color charges: i.e. color- neutral bags) emerge in the system. The 
second factor is actually originated from the deformation of the Hagedorn cavity boundary 
surface. The situation is completely different when the nuclear system is compressed and 
cooled to lower temperatures. This is marked by the light dotted line (yellow onhne) on the 
lower right side of the /ib — T diagram in particular when the baryonic chemical potential 
Hb becomes relatively large. The flavor degree of freedom becomes more important albeit 
the system tends somehow to maintain the optimal flavor invariance and restores the chiral 
symmetry. Furthermore, the strangeness degree of freedom is essential, though it is not 
mentioned explicitly throughout the present work. Furthermore, along the /ib direction, the 
nuclear matter also passes the Gross- Witten Hagedorn phase transition from the hadronic 
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matter which is dominated by the discrete low-lying mass spectrum hadrons to another one 
that is dominated by the continuous high-lying mass spectrum Hagedorns. The continuous 
high-lying mass (and volume) spectrum phase is initially dominated by the colorless SU{Nc) 
states in particular just above the mete of the Gross- Witten point. Evidently the system 
undergoes phase transition to another Hagedorn matter that is populated by colorless Sp{N) 
states when the color and flavor degrees of freedom are coupled to form Sp{N) symmetry 
group. The phase domain of the new colorless Sp{Nc) states is immured by the light dotted 
line (online green) on the lower-right side of the /is — T diagram. It sounds that the nuclear 
matter which is dominated by the colorless Sp{N) states overlaps and matches the color- 
superconductivity, non-CFL quark liquid and CFL alike phases. The complexity of the 
color-flavor coupling and the nontrivial Sp{N) structure increases significantly when the 
system is compressed to form denser nuclear matter. 

Fig. ([2]) focuses on the flavor symmetry besides the color symmetry. It is shown that 
the Hagedorn matter is initially dominated by the mesonic Hagedorn states for small ^b- 
When fiB increases, the baryonic Hagedorn states appear in the system besides the existing 
mesonic Hagedorn states. It follows from Eq.f ll37p that mass spectral exponent increases by 
a — 7- a + 1 when the Hagedorn states attain specific baryonic number and it is also modified 
by a — )■ a + I when the strangeness number is included. The strangeness turns to be impor- 
tant when the system is compressed to larger fis and is heated up to higher temperature. 
Furthermore, the Hagedorn matter tends to maintain the optimal flavor invariance in the 
dilute hot nuclear matter keeping in mind that the Hagedorn states are colorless regardless 
of the type of the internal color structure symmetry or if the color degrees of freedom are 
coupled to other degrees of freedom. When the the maximum flavor invariance is maintained 
at high temperature, the classical Maxwell-Boltzmann statistics becomes a good approxi- 
mation under certain circumstances. The classical statistics approximation also suits the 
exotic Hagedorn states. It is likely that the hadronic matter which is dominated by the col- 
orless orthogonal states undergoes smooth phase transition to the colored (non-color-singlet) 
SU{Nc) quark-gluon matter with initial neutral color charges (i.e. color-neutral) for ^ 
at the critical temperature T^. The alternate scenario is that the colorless [/{l)^" quark 
bags may emerge above the orthogonal Hagedorn states and below the deconfinement phase 
transition where the color-singlet constraint of the colorless states is broken and the colored 
(i.e. color-non-singlet) states appear abundantly in the system. This kind of intermediate 
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process smoothen the order of the phase-transition remarkably at /is ~ 0. This process is 
depicted as the symbol * in Fig. ([2]). Nonetheless, it is possible for the colorless orthogonal 
(or unitary) states to pass the phase transition to metastable colored bags via the following 
reaction: 

color-singlet SU{Nc) or 0{Nc) Hagedorns etc — )• colored SU{Nc) plasma. (162) 

The overall color charge of each bag remains a color-neutral one (i.e. neutral color charge 
for Nfun fundamental quarks and Nadj adjoint gluons) before the bags expand and become 
colored ones and, eventually, form colored quark-gluon plasma. This kind of phase transition 
is likely supposed to be of higher order and takes place on the left hand side of the tri-critical 
point which appears in the phase transition diagram. When /i^ increases, the flavor struc- 
ture becomes more rich and complex. The flavor symmetry invariance turns to be broken 
and involved. Therefore, the complexity of the color-flavor structure increases as the system 
is compressed and cooled down to lower temperature. The color-flavor internal symmetry is 
modified in an optimal way minimizing the flavor dependence and maximizing the preserva- 
tion of the colorless state. This mechanism explain why the quarks avoid to propagate freely 
in the medium. When /ig becomes significantly large, the complexity of the color-flavor sym- 
metry increases and the SU (Nc) symmetry couples with the SU (Nf) x SU{Nf) symmetry. 
The internal symmetry of the quark and gluon bag turns to be Sp{Nc) color-flavor symme- 
try. At high temperature, both the flavor invariance and the color-singlet constraint (i.e. 
colorless state) modify the quark-gluon bag's underlying internal symmetry from SU (N^) to 
0{Nc). The quarkyonic matter is conjectured to be dominated by the continuous high- lying 
hadronic states (Hagedorns) with varied symmetries such as the orthogonal, unitary and 
symplectic ones. 

It is shown in Fig. ([3]) that the mass spectral exponent a is modified with respect to /is 
and T below the brink of the deconfinement phase transition borderline to the quark-gluon 
plasma. The Hagedorn's mass spectral exponent a is small for the dilute and hot hadronic 
matter. The exponent a is modified as the hadronic matter is compressed and/or heated. 
The exponent varies and takes the values ai < a2 < 03. The exponents are reduced 
to «! = 3, 0:2 = 9/2 and 0:3 = 15/2 for the colorless orthogonal, unitary and symplectic 
Hagedorn states, respectively, when Nc = 3. The mass spectral exponent for the colorless 
?7(1)^'= composite states (Hagedorns) is reduced to a = 3/2 for N^. = 3. Furthermore, the 
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mass spectral exponent for the finite metastable quark-gluon bag with the colored SU{Nc) 
state is reduced to anon = 1/2 (i.e. simply colored SU{Nc) states). The metastable colored 
bags are expected to emerge before they expand smoothly and overlap each other and 
eventually form quark-gluon plasma. 

Nonetheless, the fuzzy and center of mass corrections modify the mass spectral exponent 
a significantly j2|. The center of mass correction has been introduced by Kapusta j^. 
Therefore, it is expected that when the fuzzy and center of mass corrections are considered, 
the exponents a for the orthogonal, unitary and symplectic Hagedorn states overlap with 
each other under certain conditions in the hot and compressed nuclear matter. This leads 
to a smooth transmutation from certain composite bag's internal symmetry to another one. 

The complexity of the color-flavor coupling structure for the large /is is illustrated in 
Fig. (jl]). The color- flavor coupling is simplified drastically by correlating the bag's color 
and flavor symmetries to form the Sp{N) symmetry group. The mass spectrum for the 
color superconductivity physics is simplified drastically by considering the colorless Sp{N) 
state. It is evident that the mass spectral exponent a for the continuous high-lying mass 
spectrum p(//) = cm~°' e^"* depends essentially on fiB and T. The order of phase transition 
is sensitive to the exponent a. This sensitivity indicates the existence of the tri-critical point 
in the phase transition diagram. The order of deconfinement phase transition is found first 
order for the Hagedorn states with the exponent a > |. The second and third order phase 
transitions are found for Hagedorn states with exponents | > a > 3 and 3 > a > 
respectively. Moreover, the n*'' order phase transition takes place for | H — ^ > a > | + -. 
There is no direct (explosive) deconfinement phase transition to quark-gluon plasma for 
the hadronic matter that is populated by Hagedorn states with the mass spectral exponent 
a < |. The phase transition for the Hagedorn states with the mass spectral exponent 
a < I is smooth (i.e. smooth cross-over phase transition). In this case, the Hagedorn bags 
expand smoothly and they are gently thermally excited without an abrupt phase transition 
to explosive quark-gluon plasma. If the unitary Hagedorns freeze out they undergo Gross- 
Witten phase transition to the low-lying mass spectrum hadronic matter. The means that 
the Hagedorn bags evaporate to the discrete low-lying mass spectrum particles and this 
resembles the black hole evaporation in AdS/CFT duality. 

It is reasonable to assume that the thermal excitation may change the Hagedorn bag's 
internal structure. For instance under certain circumstances the nuclear matter that is 
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dominated by the unitary Hagedorn states is altered to be dominated by the orthogonal 
Hagedorn states when the dilute nuclear matter is heated up to higher temperatures. Since 
the mass spectral exponent for orthogonal Hagedorns (i.e. colorless orthogonal states) is 
found to be ai = 3, it is likely that the orthogonal Hagedorn matter undergoes third order 
phase transition to quark-gluon plasma. Furthermore, it is possible that the orthogonal 
Hagedorn states are altered to colorless U{1)^'' states when the very dilute nuclear matter is 
further heated up to higher temperatures. The very dilute nuclear matter might be created 
in the pp collisions at LHC besides the heavy ion coUisions. The Hagedorn matter which 
is dominated by the colorless U{1)^'' has the mass spectral exponent a = 3/2. Hence, 
the nuclear matter that is dominated by these states does not undergo direct abrupt phase 
transition to quark-gluon plasma but rather smooth cross-over phase transition. When the 
medium is further heated up to higher temperature these states (i.e. Hagedorn states with 
the mass spectral exponent a — 3/2) may be mutated to metastable colored quark-gluon 
bags with the mass spectral exponent a — 1/2. Since the states with mass spectral exponent 
a — 1/2 do not pass direct explosive deconfinement phase transition to quark-gluon plasma, 
the colored quark-gluon bags expand smoothly and the system undergoes smooth phase 
transition to colored quark-gluon plasma. 

The orthogonal Hagedorn states are mutated to the colorless C/(l)^'= quark-gluon bags 
due to the high thermal excitations in the hot and very dilute nuclear matter (i.e. /ib ~ 0). 
Since the new nuclear matter turns to be dominated by the colorless U{1)^'' quark-gluon 
bags, it does not likely undergo direct phase transition to explosive quark-gluon plasma. But 
instead, the resultant Hagedorn states are gradually altered to metastable colored quark- 
gluon bubbles. The metastable colored quark-gluon bags expand gradually and overlap 
each other smoothly until the entire space is filled by giant colored (non-singlet) bags. 
The resultant matter have an initial neutral color charge aftermath the phase transition. 
Therefore, the constraints of the conserved color charges must be embedded in the system 
through the color chemical potentials. This kind of (color-non-singlet) matter with the mass 
spectral exponent anon undergoes a smooth cross-over phase transition to non-explosive 
quark-gluon plasma. The multi-processes mechanism in the phase transition from the low- 
lying hadronic phase to the quark-gluon plasma strongly indicates the fluid behaviour for the 
quark-gluon plasma. The color-singlet states for the quark-gluon bag with an orthogonal 
color representation rather than the unitary one can be interpreted as a gas of Coulomb 
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quark-gluon bags (or quark-gluon liquid) . Furthermore, the color-singlet states for the quark 
bag with C/(l)^= color symmetry group can be argued to be quark rich liquid bags and 
gluon rich medium. The phase transition to the colorless orthogonal states (i.e. orthogonal 
Hagedorns) or colorless f/(l)^'= states may explain the fluid properties and the low viscosity 
factor for the quark-gluon plasma at the RHIC and possibly LHC. This class of phase 
transition enriches the medium with gluonic jets besides the Hagedorn states. Furthermore, 
in the case that the orthogonal or U{1)^'= Hagedorn states freeze out at some point before 
reaching the quark-gluon plasma, they evaporate to the (exotic-) low-lying mass spectrum 
particles via Gross- Witten like phase transition in an analogous way to the black holes 
evaporation in AdS/CFT. 

The hot and little compressed hadronic matter (hb 7^ 0) is likely to be dominated by 
the orthogonal Hagedorn states above the Gross- Witten point. This kind of nuclear matter 
tends to undergo higher order phase transition ( for instance third order with a— 3 ) to 
the deconfined quark-gluon plasma. In this case, the color-singlet state of the orthogonal 
symmetry group is broken smoothly to form the colored SU{Nc) state (i.e. color-non-singlet 
state) and, subsequently, the quarks and gluons are liberated. At the intermediate baryonic 
chemical potential fis, the continuous high-lying unitary Hagedorn matter undergoes first 
order phase transition to explosive quark-gluon plasma. The color-singlet state is broken 
badly to form the colored SU{Nc) state. The explosive quark-gluon plasma needs much 
thermal energy to be detonated. Furthermore, it should be noted that when //^ is reduced 
below a critical value, the unitary Hagedorn states tend to transmute to the orthogonal 
Hagedorn states prior to the deconfinement phase transition to quark-gluon plasma but this 
is not the case for the saturate orthogonal Hagedorn matter when /ib increases and exceeds 
a critical value. 

On the other hand, the mass spectral exponents for the unitary and symplectic Hagedorn 
states are reduced to 0:2 = 9/2 and as — 15/2. This means that the nuclear matter which is 
dominated by the unitary Hagedorn states likely undergoes direct first order phase transition 
to the quark-gluon plasma. Furthermore, it is obvious that the symplectic nuclear matter 
likely undergoes first order phase transition to the explosive quark-gluon plasma when it is 
heat up. 

When the hadronic matter is compressed to the significantly large and cooled down, 
the unitary Hagedorn states are mutated to the symplectic ones due to the internal color- 
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flavor symmetry transmutation. In this case the saturate unitary Hagedorn matter transfers 
to another nuclear matter that is dominated by the symplectic Hagedorn states. The mass 
spectral exponent for the symplectic matter is 03 = 15/2. The physics of the symplectic 
Hagedorn matter is very rich. In the context of the present model, the highly dense neutron 
star turns to be dominated by the symplectic hadronic matter rather than the conventional 
quark matter in order to soften the equation of state. Furthermore, the existence of the 
color super-conductivity phases such as the color-flavor locking phase can be interpreted in 
terms of the the Hagedorn complex internal structure and the color-flavor coupling channel. 

In order to understand the microscopic mechanism of the multiple phase transitions from 
symmetry group to another, the higher order corrections of the hard thermal loops become 
crucial. Although these corrections are calculated by perturbation, the higher order correc- 
tions beyond the one-loop correction are highly non-trivial and also the non-perturbative 
effect may turn to be essential. The simplest way to understand the symmetry breaking from 
one group to another is to study the symmetry breaking from SU{Nc) to [/(l)^''"^. The 
program to investigate the local and global symmetry behavior at finite temperature and 
density such as the symmetry breaking or restoration is a straightforward one. In fact this 



program relies basically on the dependence of effective mass on the temperature [67|, |68 |. 
The symmetry is broken when the effective masses turn to be finite and non-degenerate 
ones and their corresponding adjoint mean-fields become finite ones when the effect of the 
higher order terms that are beyond the quadratic part in the effective potential turn to be 
non- negligible. The gluon effective mass in the present case is defined by the gluon's Debye 
mass. In order to simplify the discussion to the minimum, the effective potential for the 
adjoint fields with perturbative corrections beyond the one loop correction will not be con- 
sidered. Fortunately, the one loop correction sheds some information about what is needed 
to understand how the symmetry can be broken under extreme conditions. The effective 
potential for the adjoint fields can be written roughly in the following way 

where W^^"" " = ^H'^'"^ (po, p)^ is the gluon polarization tensor and is the quartic 

gluon coupling tensor. The quartic gluon coupling tensor can be calculated from the pertur- 
bation but also the non-perturbation effect may become signification. The quartic part in 
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the effective potential is the decisive term in determining the process of the symmetry trans- 



mutation (or breaking) 
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is found 
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68| . The gluon polarization tensor in the HTL approximation 
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The information that is needed to understand the Higgs mechanism and symmetry breaking 
is decoded implicitly in the gluon Debye mass(es). The Debye mass is found as follows 
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Eq. fll65p hints some information about the possible symmetry breaking processes. There is 
{N^ — Nc) non-degenerate masses and (Nc — l) degenerate masses. It is naively to conjecture 
that A"- oc /ic*^ = {fJ'CA~ f^CB) where a = (AB). This means that the — non- 
degenerate masses correspond the non-vanishing values A°- with A ^ B while the N^. — 1 
degenerate masses correspond A"- = with A = B. Hence the N^—N^ non-degenerate masses 
are simply the Higgs masses which are generated by breaking the symmetry SU (Nc) while 
the Nc — 1 degenerate masses are the elements of the resultant new symmetry U{1)^''~^. 
These masses in one (Hard-thermal) loop correction are of order m^i gT. Depending 

/ „ \ n>2 

on the higher order interaction ( A" j which appear in Eq. (1163^ and its modification 
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with temperature and density, it is naturally to surmise multiple phase transitions such 



as SU{N^) SU{N^-1) x f/(l) ^ ■•• ^ U{1)^^-^ (see for instance Ref. |70|). More 
recent discussions of the Higgs mechanism in the semi-quark-gluon plasma can be found in 
Ref. jril and the references therein. Instead of breaking the symmetry SU{Nc) — )■ SU{Nc — 
1) X U{1), the symmetry transmutation undergoes multiple symmetry breaking transitions 
to SU{Nc) — !■ 0{Nc) — !■ SU{Nc — 1) X U{1) in order to maintain the quark confinement. 
The intermediate symmetry transmutation 0{Nc) smoothes the symmetry breaking from 
SU (Nc) to Ui^l)^""^ in order to soften the Hagedorn's equation of state. On the other hand, 
the microscopic mechanism in the multi-processes for the formation of symplectic symmetry 
Sp{Nc) is rather more complicated because of the correlation between the flavor and color 
symmetries. The symmetry reduction undergoes multiple processes, namely, SUv{Nf) x 
X ■ ■ ■ — >■ Sp[Nc). In the process of forming the symmetry Sp[Nc), 
the color degrees of freedom favor to couple the flavor degrees of freedom through anti- 
symmetric channels to form diquark condensates and energy gaps. The adjoint mean-fields 
acquire degenerate/non-degenerate effective gluon masses depending of the type of the color 
superconductivity that is formed in the medium. The symmetry breaking leads to massless 
Nambu-Goldstone bosons which come from flavor sector and massive gluons which stem 
from the color sector. In principle, the energy gaps of the color-superconductivity can 
be included explicitly in the calculation of the canonical ensemble. The multiple symmetry 
breaking processes from the matter that is dominated by SU (Nc) Hagedorn states to another 
one that is dominated by U{1)'^''~^ and the corresponding Higgs mechanism is sketched in 
Fig. ([5]). In order to simplify the present work, we assume that the liberated gluons are 
approximated to an ideal gas of massless particles. In this approximation, the gluon effective 
masses which are acquired through the symmetry breaking process are neglected and this 
does not change the conclusion of the possible multiple phase transitions. 



VII. CONCLUSION 



The present work is intended to determine the physics behind the intermediate processes 
toward the quark-gluon plasma in the yU^ — T phase transition diagram and the variation 
of the mass spectral exponent for the Hagedorn mass spectral density in the medium. The 
fiB — T phase transition diagram from the Hadronic phase to the quark-gluon plasma is 



56 



rich and the multiple intermediate transition processes are found essential. The nuclear 
matter which is dominated by the unitary Hagedorn states passes different phase transitions 
with different orders depending on the nuclear medium's temperature and density. The 
dilute nuclear matter that is enriched with the unitary Hagedorn states undergoes phase 
transition to another matter that is dominated by the orthogonal Hagedorn states when 
the medium is heated up while the extreme dense nuclear matter that is dominated by the 
unitary Hagedorn states passes phase transition to another one that is dominated by the 
symplectic Hagedorn states when the medium is further compressed and cooled down. It 
should be noted that the Hagedorn states are colorless (by projecting only the color-singlet 
states) regardless of their internal symmetry group. Furthermore, it is possible to imagine 
under the assumption of certain scenarios that the Hagedorn states passes smooth multiple 
phase transitions to a neutral color gas of metastable colored bags at T ^ Tc and /xb ~ 0. 

The tri-critical point in the /ib—T phase transition diagram and the fluid behaviour of the 
quark-gluon plasma at a low baryonic chemical potential /ib and high temperature T ^ 
can be interpreted in terms of the modification of the Hagedorn mass spectral density due 
to the modification in the quark-gluon bag's internal symmetry. At low temperature, the 
nuclear matter is dominated by the discrete low-lying mass spectrum (hadrons) and when the 
system is heated up it undergoes higher order phase transition to new nuclear matter that 
is dominated by the continuous high- lying mass spectrum particles (i.e. Hagedorns). When 
the Hagedorn states freeze out they evaporate to the discrete low-lying particles through 
Gross- Witten phase transition in an analogous way to the fragmentation of the big soap 
bubble to many tiny bubbles. 

The Hagedorn states are determined basically by the mass spectrum of the quark and 
gluon bag with a specific internal symmetry. The color-singlet constraint which guarantees 
the colorless quark-gluon bags plays an essential role in keeping quarks and gluons confined. 
The continuous high-lying hadronic matter is dominated at first by the unitary Hagedorn 
states just above the Gross- Witten point (it appears as a fine in jiB — T plane) for the 
phase transition from the discrete low-lying hadronic matter to the continuous high-lying 
one. The mass spectral exponent a of the continuous high-lying mass spectral density 
P(//)(m) = cm~"e''™ depends on the underlying internal symmetry of the Hagedorn bag. 
The composite bag's internal symmetry is modified from the colorless unitary state to the 
colorless orthogonal state in the RHIC and/or LHC energy at high temperature. On the 
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other hand, the quark and gluon bag's internal structure is mutated from the colorless 
unitary state (unitary Hagedorn) to the colorless symplectic state (symplectic Hagedorn) 
under the extreme compressed nuclear matter (i.e. when the unitary Hagedorn matter 
becomes saturated) such that one is found in the compact stars. It is evident that the mass 
spectral exponent a increases with respect to Hb when the system is compressed and cooled 
down. This exponent decreases when the system is heated up. The Hagedorn states which 
are expected to be produced in the ultra-relativistic heavy ion collisions and beyond have 
a rather low mass spectral exponent. In the RHIC or LHC energy, it is expected that the 
dilute hadronic matter which is dominated at first by the unitary Hagedorn states at small 
Hb passes Hagedorn phase transition to another nuclear matter that is dominated by the 
orthogonal Hagedorns when the medium is heated up to higher temperature. The resultant 
orthogonal Hagedorn matter acts as the Coulomb liquid. 

At small baryonic density, the hot nuclear matter which is dominated by the colorless 
orthogonal (Hagedorn) states undergoes higher order phase transition to the colored SU (Nc) 
states with total color-neutral quark-gluon plasma. The colored SU (Nc) states are colored 
quark-gluon bags (i.e.: color-non-singlet states). The conserved color charges are adjusted 
by the color chemical potentials. The colored quark-gluon bags with color-non-singlet states 
are not Hagedorn states. Aftermath the deconfinement phase transition, the medium is 
enriched by colored quarks and gluons. In this sense the bag's color-singlet constraint is 
badly broken and the bag becomes a colored one where the colored quarks can be hberated 
or exchanged. 

The phase transition from the hadronic matter which is dominated by the colorless Hage- 
dorns to another matter that is populated by the colored bags is associated with the breaking 
of the color-singlet constraint. The breaking of Hagedorn bag's internal symmetry from the 
color-singlet state of the unitary symmetry to the colored unitary state probably takes place 
through several intermediate processes in the following way: 

colorless SU{Nc) colorless 0(5) (TVc) + ^^c(A^c + 1) gluons, 

colorless C/(l)^= NjyN^ - 1) gluons, 
— >■ colored S\J (N^) (i.e. color-non-singlet states) , 

Nc quarks + {N^ - 1) gluons, (168) 

where the unimodular-like constraint is imposed in all the symmetries are involved in the 
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present study. In fact, there is N"^ adjoint degrees of freedom in the U{Nc) unitary represen- 
tation and the unimodular constraint reduces the number of degree of freedom by one. When 
the Hagedorn's internal structure is mutated from the colorless unitary state to the colorless 
orthogonal state, the number of (Hagedorn's internal) adjoint gluon degrees of freedom is 
reduced from to Nc{Nc + l)/2, respectively. Therefore, the Nc{Nc — l)/2 free colorless 
gluons escape from the Hagedorn bag and emerge in the medium as jets. The nuclear matter 
turns to be dominated by the orthogonal Hagedorns and is enriched by gluonic content. The 
^ci^c — 1)/2 gluon species may glue together and probably emerge as color- neutral glueballs 
or jets. When the temperature T increases, the surfaces of colored bags are perturbed and 
expand by the thermal excitations and the system undergoes smooth phase transition to 
true dcconfined quark-gluon plasma. The higher order phase transition is not usually asso- 
ciated with the explosive quark-gluon plasma. Moreover, it seems that the colored bags that 
emerge through smooth phase transition are rather mechanically stable. Hence the preceding 
scenario leads to smooth cross-over phase transition to quark-gluon plasma at //b ~ and 
high T and on the left hand side of the tri-critical point. In the present approximation, the 
liberated gluons are considered as an ideal gas of massless particles. However, the breaking 
of the Hagedorn's internal symmetry from the unitary symmetry to the orthogonal one may 
breaks the color global part of the liberated gluons and they acquire finite mass through the 
Higgs mechanism. This mechanism will suppress the contribution of the gluon's partition 
function in particular if the liberated gluons attain large masses. 

On the other hand, when the system is compressed and cooled down, the higher order 
phase transition is reduced to the first order one at the moderate nuclear density. This takes 
place as hb increases and exceeds the tri-critical point (i.e. on the right hand side of the 
tri-critical point). The system prefers to be dominated by the unitary Hagedorns in the 
stripe above the Gross- Witten point and below the quark-gluon plasma. When the medium 
becomes denser and hotter, the unitary Hagedorn states will not transmute to orthogonal 
Hagedorn states anymore but instead they become rather mechanically unstable and the 
system prefers to pass direct deconfinement phase transition to quark-gluon plasma. Due to 
the high thermal excitations, they likely pass the first order transition to quark-gluon plasma. 
This kind of phase transition breaks badly the color-singlet constraint and subsequently the 
colored SU{Nc) symmetry becomes possible. Therefore, the system undergoes first order 
deconfinement phase transition to explosive quark-gluon plasma at moderate //s 7^ 0. Unlike 



59 



the smooth cross-over phase transition which usually takes place at small baryonic density 
(i.e. /xb ~ 0), the color charges are capable to escape and subsequently the color neutrality is 
violated. In this case, the color-singlet constraint is loosed and the bag's internal symmetry 
is broken violently above the right hand side of the tri-critical point in the following way: 



When the system is compressed and cooled down further more and becomes extremely 
dense and saturated (i.e. fiB becomes significantly large), the unitary Hagcdorn matter 
transmutes to another one that is dominated by the symplectic Hagedorn states due to 
the modification of the quark and gluon bag's internal structure and the coupling of color 
symmetry with other symmetries such as but not limited to the fiavor symmetry as follows 



In fact the symplectic symmetry restores additional N"^ — N adjoint degrees of freedom (for 
instance partially breaking the fiavor invariance SU{Nf) x SU{Nf) and leaving U{1)'^^~^ 
invariance) besides the original — 1 adjoint color degrees of freedom. The phase transition 
from the unitary Hagedorns to the colorless symplectic states (i.e. symplectic Hagedorns) 
may take place through more complicated multi-processes in the Hagedorn matter. Further- 
more, the mass spectral exponent a will continue to increase when additional symmetries 
are incorporated as the nuclear matter becomes denser. Probably, the Hagedorn matter 
with a certain complex internal symmetry passes to a new physics regime such as forming 
fiuid of stable black holes or dark matter. The deformation of the quark and gluon bag's 
boundary surface besides other corrections such as the center of mass correction modify the 
mass spectral exponent a smoothly. The smooth modification of the mass spectral exponent 
a guarantees the continuity of various hadronic phases which are dominated by orthogonal, 
unitary and symplectic etc Hagedorns. Moreover, it is worth to mention that the symplectic 
Hagedorn matter is very rich due to the color-fiavor coupling or color-angular coupling etc. 
The emergence of the color-superconductivity and other related physics can be explained in 
terms of the complex internal structure such as the symplectic Hagedorn matter. 

The analysis of the chiral phase transition at low /ib and high T demonstrates that in 
the case of the mass spectral exponent a < 7/2 such as the mass spectrum for orthogonal 
Hagedorn states, the chiral restoration phase transition takes place far away below the de- 
confinement phase transition but at the threshold or above Gross- Witten point. Therefore, 



colorless: color-singlet 5" C/(A^c) — >■ colored 5'C/(A^c)- 



(169) 



SU{Nc) X SUL{Nf) X SUniNf) Sp{N) x conserved: U{1) 



(170) 
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the chiral mass is generated through the multiple phase transition processes from the or- 
thogonal Hagedorn states to the unitary Hagedorn states and subsequently to the low-lying 
mass spectrum states at the Gross- Witten point. 

The order and shape of the [fiB — T) phase transition diagram depends basically on the 
internal structure of the quark and gluon bags such as but not limited to the color, flavor 
and angular symmetries. The Hagedorn's mass spectral exponent a is found to depend 
essentially on the medium. Furthermore, the multi-intermediate processes in the phase 
transition diagram from the low-lying hadrons to the eventual quark-gluon plasma is found 
very rich and not trivial. The complexity of the multi-process phase transitions increases 
along the temperature axis with the rather small baryonic chemical potential /i^ ~ (i.e. 
dilute nuclear matter). It is evident that the Hagedorn's internal structure is significantly 
modified with respect to both T and /i^. The mass spectral exponent seems to increase 
significantly at large baryonic density /i^ ^ and relatively low temperature (i.e. the 
extreme dense nuclear matter that is relevant to the compact stars). The order and shape of 
the phase transition is basically medium dependent. It is associated with complicated multi- 
processes of symmetry reconfiguration along the chemical potential and temperature T 
axes. Therefore, the QCD phase transition diagram is proved to be very rich, tricky and 
non-trivial one. 
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TABLE I: The mass spectral exponent a which appears in = cm''°' e for the color-singlet 
state bag (i.e. Hagedorn state) versus the bag's internal symmetry that is given by the L'"(l)^=, 
orthogonal 0{Nc), unitary U{Nc) and symplectic Sp{N) (N = Nc) symmetry groups and they are 
restricted to the unimodular-likc constraint. The exponent a for the color-non-singlet quark-gluon 
bags (i.e. colored SU{Nc)) state is included. 

Symmetry group a{Nc) a {Nc = 3) 

Non-singlet SU{Nc) state (not Hagedorn state): 
Color-singlet unimodular-like C/(l)^°: 
Color-singlet unimodular-like orthogonal 0(^s) i^c) 
Color-singlet unimodular-like unitary U{Nc): 
Color-singlet unimodular-like symplectic Sp{Nc): 



i7V2 

2 c 



/V"2 _ i /V, 
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Baryonic chemical potential d) 



FIG. 1: (Color online) The sketch for the order and shape of the phase transition diagram (fiB-T) 
outlining the phase transition between the hadronic matter which is dominated by the discrete low- 
lying mass spectrum to another one that is dominated by the continuous high-lying mass spectrum 
and the phase transition from the hadronic phase to the deconfined quark-gluon-plasma. The con- 
tiguity of the the discrete low-lying mass spectrum and the continuous high-lying mass spectrum 
is indicated by the lower-left red dotted line. The Hagedorn phase that is dominated by the con- 
tinuous high-lying mass spectrum states splits into three individual phases that are dominated by 
SU{N), 0{N) and Sp{N) internal color structures. The conventional phase transition diagram for 
the color superconductivity and color-flavor locked phase is depicted. The color-superconductivity 
phase falls under the Sp{N) group domain. 
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FIG. 2: (Color online) Same as Fig. ([T]). The hadronic phases those are dominated by the mesonic, 
baryonic and strangeness phases are depicted explicitly. It is shown that the complexity of the 
Hagedorn state internal color- flavor structure increases with respect to fis- The mesonic Hagedorn 
states are dominated at small hb while the baryonic and excited Hagedorn states appear abundantly 
as the fiB increases and when fiB becomes significantly large the Hagedorn states with strangeness 
and more other complicated degrees of freedom emerge in the system. The * (blue online) indicates 
the color-singlet U{1)^'' states (Hagedorns) with the unimodular-like constraint. 
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Internal color structure exponent: OC , jJ. 



FIG. 3: (Color online) Same as Fig. ([T]). The order of the phase transition from the hadronic 
phase to the quark-gluon-plasma is shown to depend on the Hagedorn mass spectral exponent a. 
The exponent a is modified and increases with respect to fiB- The order of the phase transition 
is likely to be the first order, second order and higher order for the exponents ai, 02 and 03 
respectively. The quark-gluon plasma is likely to maintain the color neutrality one with the higher 
order phase transition at small fiB and high T ^ before it switches to the true deconfined colored 
plasma when increases. The exponent a depends on the Hagedorn's internal color, flavor and 
configuration symmetries. 
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Internal color structure exponent: OC , jJ. 



FIG. 4: (Color online) Same as Fig. ([T|). The complexity of the Hagedorn bag's internal structure 
is proportional to /ub and is inverse proportional to T. When /ub becomes sufficient large, the color 
and flavor degrees of freedom are coupled to each other and form Sp{N) symmetry group. The 
complexity of the color-flavor symmetry and space configuration symmetry increases as the system 
is cooled down and extremely compressed to large fiB- 
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FIG. 5: (Color online) The Hagedorn's bag internal symmetry breaking from SU{Nc) to 0{Nc) 
and eventually to U{1)^''~^ in the dilute and hot nuclear matter. The quarks are represented by 
colored circles while the gluons are shown by short wavy lines. The hard thermal loop is expected 
to generate degenerate/non-degenerate gluon's Debye masses with vanishing/non- vanishing adjoint 
(mean-) fields A'^ depending on the medium. This mechanism is responsible for the symmetry 
transmutation in order to reduce to the constituent quark-gluon self-interactions and basically to 
maintain the quark confinement. The liberated gluons acquire finite masses {rnj^ oc g^T"^) due to 
the Higgs phenomenon. In the present calculation, the liberated gluons are practically treated as 
an ideal gas of massless particles. 
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